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Review of Black-Scholes option pricing

The Black-Scholes model

In the Black-Scholes (1973) model, under the unique pricing
measure Q, the price of the underlying follows

dSt = O'StdBt,

where o > 0 is the volatility parameter and B is a standard
Brownian motion under Q.
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Review of Black-Scholes option pricing

The Black-Scholes model

In the Black-Scholes (1973) model, under the unique pricing
measure Q, the price of the underlying follows

dSt = O'StdBt,

where o > 0 is the volatility parameter and B is a standard
Brownian motion under Q.

Consider a call option struck at K = Spef > o (that is, at log
strike k € R) at time o, paying

(St —K)* = (St - Soe®)*

units of cash at expiry T > 0.
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Review of Black-Scholes option pricing (cont’d)

The Black-Scholes pricing formula

The unique arbitrage-free price of this call option under
interestrater > O is

Cas(R, T; 0) = EQ[e™"T(S1 — Spef)*] = So(®(dr) — d(d,)ef ™),

where

and @ is the standard normal CDF.
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Implied volatility

Black-Scholes implied volatility
The function o — Cgs(R, T; o) is increasing.

So given a market quote E(k, T), we can find é such that

—

Cas(k, T; ) = C(k, T).

The solution 6 = 6(k, T) is the (Black-Scholes) implied
volatility of the quote C(R, T).
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Implied volatility

Black-Scholes implied volatility
The function o — Cgs(R, T; o) is increasing.

So given a market quote E(k, T), we can find é such that

—

Cas(k, T; ) = C(k, T).

The solution 6 = 6(k, T) is the (Black-Scholes) implied
volatility of the quote C(R, T).

In practice, option traders prefer to quote prices in implied
volatilities.

But it does not mean they believe in the Black-Scholes model!
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Implied volatility smile

Indeed, the Black-Scholes model is inconsistent with typical
market prices of options.
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Implied volatility smile

Indeed, the Black-Scholes model is inconsistent with typical
market prices of options.

Instead of a flat line, the graph of k — &(k, T) is U-shaped,
depicting a smile.

AAPL, 26 Jul 2017 Expiry: 28 Jul 2017 (T = 2 days)

e Market price
—— SVI parameterisation
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Reproducing the smile and skew

The implied volatility smile can be reproduced by making o
stochastic — leading to stochastic volatility models.
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Reproducing the smile and skew

The implied volatility smile can be reproduced by making o
stochastic — leading to stochastic volatility models.

At-the-money skew

However, conventional stochastic volatility models, like the
Heston (1993) model, are unable to reproduce the term
structure of the at-the-money (ATM) skew

o .
w(T) = | o1 .
which in equity markets typically behaves near expiry as

w(T) ~const-T%, T o,

for some a slightly above —1.
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Rough Bergomi model

The explosive ATM skew is captured by the recent rough
volatility models, such as the rough Bergomi model (Bayer,
Friz, and Gatheral, 2016).
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Rough Bergomi model

The explosive ATM skew is captured by the recent rough
volatility models, such as the rough Bergomi model (Bayer,
Friz, and Gatheral, 2016).

Rough Bergomi model

In the rough Bergomi model, under a pricing measure Q,
dSt = \/v¢StdB,

where
Bl

2 t
Vi 1= Vo €Xp (Zt _d tz‘*”), Z: = n\V2a + 1f (t—s)*dWs
(0}

So0,Vo,N >0, a € (—%,o), and B and W are standard Brownian
motions with (B, W); = pt for some p € (-1,1).
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Rough Bergomi model (cont'd)

The instantaneous variance process v is driven by the (rough)
Riemann-Liouville process

t
f(t—s)“dws, t>o0,
(0}

whose sample paths are locally a + 1 — e-Holder continuous.
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Rough Bergomi model (cont'd)

The instantaneous variance process v is driven by the (rough)
Riemann-Liouville process

t
f(t—s)“dws, t>o0,
(0}

whose sample paths are locally a + 1 — e-Holder continuous.
The model can easily fit multiple implied volatility smiles.

The caveat is that, currently, there is no analytical approach
to pricing (or evaluating implied volatilities) under this model.
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Rough Bergomi model (cont'd)

The instantaneous variance process v is driven by the (rough)
Riemann-Liouville process

t
f(t—s)“dws, t>o0,
(0}

whose sample paths are locally a + 1 — e-Holder continuous.
The model can easily fit multiple implied volatility smiles.

The caveat is that, currently, there is no analytical approach
to pricing (or evaluating implied volatilities) under this model.

Even call and put options need to be priced by Monte Carlo —
although efficient methods are available (Bennedsen, Lunde,
and P, 2017*; McCrickerd and P, 2017).
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Example: Rough Bergomi smiles
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(pictures by Ryan McCrickerd)

LDP for the rough Bergomi model
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Intermezzo: an introduction to large deviations

Example: Rough Bergomi calibration
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Intermezzo: an introduction to large deviations
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Quantifying probabilities of rare events

Let Y,,...,Y, beiid random variables such that |Y;| < 1 and
E(Y.) = 0. Moreover, let M, be the sample mean of Ys,...,Yy.
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Quantifying probabilities of rare events

Let Y,,...,Y, beiid random variables such that |Y;| < 1 and
E(Y,) = 0. Moreover, let M, be the sample mean of Y4,...,Yy.

By the weak law of large numbers,
M, : O, h— oo.
Hoeffding’s inequality says that, in fact, foralln e Nand y > o,
P[M, > y] < exp(-ny?/2).

The probability of {M, > y} decays exponentially fast.
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Quantifying probabilities of rare events

Let Y,,...,Y, beiid random variables such that |Y;| < 1 and
E(Y.) = 0. Moreover, let M, be the sample mean of Ys,...,Yy.

By the weak law of large numbers,
M, : O, h— oo.
Hoeffding’s inequality says that, in fact, foralln e Nand y > o,
P[M, > y] < exp(—ny?/2).

The probability of {M, > y} decays exponentially fast.

Large deviations theory aims to give sharp exponential
estimates of such probabilities.
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Large deviations principle

Definition

A sequence (Xy)p, of random elements in a Polish space X
satisfies the large deviations principle (LDP) as n — co with
speed a, — oo and rate function I : X — [0, oo] if
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Large deviations principle

Definition

A sequence (Xy)p, of random elements in a Polish space X
satisfies the large deV|at|ons principle (LDP) as n — oo with
speed an — oo and rate function I : X - [0, oo] if

Climinfpoe == a logP[X,, € A] > — infxea I(X) for open A C X,
2. limsup,_,. = ar L logP[X, € B] < —infyeg I(x) for closed B c X.

Remark

We can also consider a family (X;)¢-0 of random elements and
define the LDP as ¢ — 0 analogously.
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Example: Crameér’s theorem

Let Y,,...,Y, beiid rvsin X = R and M, their sample mean.
Write w(6) := log E[exp(8Y,)] € (0, =] for 6 € R.
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Example: Crameér’s theorem

Let Y,,...,Y, beiid rvsin X = R and M, their sample mean.
Write w(6) := log E[exp(8Y,)] € (0, =] for 6 € R.

Theorem (Cramér, 1938; Varadhan, 1966)

The sequence (My)s, satisfies the LDP as n — o with speed n
and rate function

I(x) = sup(6x —y(0)), Xxe€R,
0eR

the Fenchel-Legendre transform of y.
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Example: Crameér’s theorem

Let Y,,...,Y, beiid rvsin X = R and M, their sample mean.
Write w(6) := log E[exp(8Y,)] € (0, =] for 6 € R.

Theorem (Cramér, 1938; Varadhan, 1966)

The sequence (My)s, satisfies the LDP as n — o with speed n
and rate function

I(x) = sup(6x —y(0)), Xxe€R,
0eR

the Fenchel-Legendre transform of y.

In particular, if E[|Y4]] < oo and E[Y;] = O, then

lim 1 logP[M, > y] < -I(y), y>o.

n—oo N
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Example: Schilder’s theorem
Let € > 0. Define a random element X¢ of X = C([0,1]) by

Xf =eW;, telo,1],

where W is a standard Brownian motion. Then X°* 5 o in
(C([0,1]), 1l - llw) @S € — ©.
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Example: Schilder’s theorem
Let € > 0. Define a random element X¢ of X = C([0,1]) by

Xf =eW;, telo,1],

where W is a standard Brownian motion. Then X°* 5 o in
(C([0,1]), 1l - llw) @S € — ©.

Theorem (Schilder, 1966)

The family (X¢).-o satisfies the LDP as & — 0 with speed &
and rate function

1 , . . .
i) = 2o x(t)ydt ifxe C([o, 1]) is absolutely continuous,
00 otherwise.
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Example: Schilder’s theorem
Let € > 0. Define a random element X¢ of X = C([0,1]) by

Xf =eW;, telo,1],

where W is a standard Brownian motion. Then X¢ LA oin
(C([0,11).1l - llo) @s € — ©.
Theorem (Schilder, 1966)

The family (X¢).-o satisfies the LDP as & — 0 with speed &
and rate function

2

i) = 1 [Ix/(t)2dt ifx € C([0,1]) is absolutely continuous,
00 otherwise.

This is an example of a functional LDP.
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LDP for the rough Bergomi model
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Assessing implied volatility via large deviations

- In the absence of analytical methods for the evaluation
of implied volatility, it is fruitful to study it asymptotically.

18 /24



Implied volatility modelling Intermezzo: an introduction to large deviations LDP for the rough Bergomi model

Assessing implied volatility via large deviations

- In the absence of analytical methods for the evaluation
of implied volatility, it is fruitful to study it asymptotically.

- Here, we focus on the behaviour of &(k, T) under the
rough Bergomi model near expiry, as T — O.

18 /24



Implied volatility modelling Intermezzo: an introduction to large deviations LDP for the rough Bergomi model

Assessing implied volatility via large deviations

- In the absence of analytical methods for the evaluation
of implied volatility, it is fruitful to study it asymptotically.

- Here, we focus on the behaviour of &(k, T) under the
rough Bergomi model near expiry, as T — O.

- Jacquier and Forde (2009): If the log price X; = log(St/So)
satisfies the LDP as t — 0, then the behaviour of &(k, T)
as T — 0 can be determined using the LDP rate function.

18 /24



Implied volatility modelling Intermezzo: an introduction to large deviations LDP for the rough Bergomi model

Assessing implied volatility via large deviations

- In the absence of analytical methods for the evaluation
of implied volatility, it is fruitful to study it asymptotically.

- Here, we focus on the behaviour of &(k, T) under the
rough Bergomi model near expiry, as T — O.

- Jacquier and Forde (2009): If the log price X; = log(St/So)
satisfies the LDP as t — 0, then the behaviour of &(k, T)
as T — 0 can be determined using the LDP rate function.

- Unfortunately the exact distribution of X; is difficult to
determine in the rough Bergomi model — so deriving the
above LDP is not straightforward.

18 /24



Implied volatility modelling Intermezzo: an introduction to large deviations LDP for the rough Bergomi model

Assessing implied volatility via large deviations

- In the absence of analytical methods for the evaluation
of implied volatility, it is fruitful to study it asymptotically.

- Here, we focus on the behaviour of &(k, T) under the
rough Bergomi model near expiry, as T — O.

- Jacquier and Forde (2009): If the log price X; = log(St/So)
satisfies the LDP as t — 0, then the behaviour of &(k, T)
as T — 0 can be determined using the LDP rate function.

- Unfortunately the exact distribution of X; is difficult to
determine in the rough Bergomi model — so deriving the
above LDP is not straightforward.

- Which is why we make a detour and derive first a
functional LDP (a la Schilder) for a rescaled version of X.

18 /24



Implied volatility modelling Intermezzo: an introduction to large deviations LDP for the rough Bergomi model

Assessing implied volatility via large deviations

- In the absence of analytical methods for the evaluation
of implied volatility, it is fruitful to study it asymptotically.

- Here, we focus on the behaviour of &(k, T) under the
rough Bergomi model near expiry,as T — 0.

- Jacquier and Forde (2009): If the log price X; = log(St/So)

satisfies the LDP as t — 0, then the behaviour of &(k, T)
as T — 0 can be determined using the LDP rate function.

- Unfortunately the exact distribution of X; is difficult to
determine in the rough Bergomi model — so deriving the
above LDP is not straightforward.

- Which is why we make a detour and derive first a
functional LDP (a la Schilder) for a rescaled version of X.

- Related results have been recently obtained by Bayer,
Friz, Gulisashvili, Horvath, and Stemper (2017).
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Rescaled rough Bergomi model

Rescaling

We define the rescaled version of the rough Bergomi log price

Xt = log(St/So) by

t 1 t
X ::f \/ngsg—-f vids, BE = chl2B,,
o 2 Jo

2
¢ = e"Pvs exp (Zf - %(st)ﬁ), Z: = P12z,

~

<
&

foranyte[0,1] and € > 0, where 8 =2a +1 € (0,1).
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Rescaled rough Bergomi model

Rescaling

We define the rescaled version of the rough Bergomi log price

Xt = log(St/So) by

t .t
X = [ aes-3 [vias.  Bf =B
o 2 Jo

2
¢ = e"Pvs exp (Zf - %(st)ﬁ), Z: = P12z,

<
&

foranyte[0,1] and € > 0, where 8 =2a +1 € (0,1).

The rescaled process satisfies X, g X§ forany € > o.
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Functional LDP for the rough Bergomi model

Theorem (Jacquier, P, and Stone, 2017)

The family (X¢).so satisfies the LDP as e — 0 with speed £#
and rate function

iy 2 Jinf {2 [0f(t)%dt:f e ?([0.1]). x = I(f)}. xeRan(T),
() = oo, x ¢ Ran(I),

where I : L2([0,1]) — C([0,1]) is some (quite complicated)
non-linear integral operator.
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Functional LDP for the rough Bergomi model

Theorem (Jacquier, P, and Stone, 2017)

The family (X¢).so satisfies the LDP as e — 0 with speed £#
and rate function

oy 2 Jinf {2 [0f(t)%dt:f e ?([0.1]). x = I(f)}. xeRan(T),
() = oo, x ¢ Ran(I),

where I : [2([0,1]) — C([0,1]) is some (quite complicated)
non-linear integral operator.

The proofis largely based on a generalised Schilder’s theorem
(Deuschel and Stroock, 1989), the contraction principle for
LDPs, and the LDP for stochastic integrals by Garcia (2008).
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Univariate LDP and implied volatility asymptotics
Since X, d X2, we get by the contraction principle:

Corollary

The family (X.)eso (in R) satisfies the LDP as ¢ — 0 with speed
e~? and rate function I,(x) = inf{I(f) : f(1) = x}.
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Univariate LDP and implied volatility asymptotics
Since X, d X2, we get by the contraction principle:

Corollary

The family (X.)eso (in R) satisfies the LDP as ¢ — 0 with speed
e~? and rate function I,(x) = inf{I(f) : f(1) = x}.

The methodology of Jacquier and Forde (1999) implies then:

Corollary

Under the rough Bergomi model, for x # o,

X2
Sinfoo (V) X>0
lim T*P6(xT#,T)? = AT lb7) ’
T ’ e
—0 2 |nfy5X ’1(y), X < O.
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SIAM-LMS Conference on
Mathematical Modelling in Finance 2017

London, 31 August-2 September 2017

- Keynote: Mark Davis (Imperial College London)

- 3 days with 16 invited speakers from Europe/US,
showcasing cutting-edge research in Quantitative Finance

- Minisymposia on Machine Learning and Rough Volatility
- Panel discussion on the Future of Mathematical
Modelling in Finance

- For more information or to register, visit:

https://sites.google.com/view/mmf2017

S.i.a.m. @ SO Imperial College
SOCIETY
s 150 YEARS London
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