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Abstract

Superpositions of stationary processes of Ornstein-Uhlenbeck
(supOU) type have been introduced by Barndorff-Nielsen. We
consider the constructions producing processes with long-range
dependence and infinitely divisible marginal distributions.

We consider additive functionals of supOU processes that satisfy
the property referred to as intermittency.

We investigate the properties of multifractal products of supOU
processes. We present the general conditions for the L,
convergence of cumulative processes and investigate their g-th
order moments and Rényi functions. These functions are nonlinear,
hence displaying the multifractality of the processes.

We also establish the corresponding scenarios for the limiting
processes, such as log-normal, log-gamma, log-tempered stable or
log-normal tempered stable scenarios.
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OU type process

» OU Type process is the unique strong solution of the SDE:
dX(t) = —=AX(t)dt + dZ(\t)

where A > 0, {Z(t)}+>0 is a (non-decreasing, for this talk)
Lévi process, and an initial condition Xj is taken to be
independent of Z(t). Note, in general Z; doesn't have to be a
non-decreasing Lévy process.

» For properties of OU type processes and their generalizations
see Mandrekar & Rudiger (2007), Barndorff-Nielsen (2001),
Barndorff-Nielsen & Stelzer (2011).

» The a.s. unique solution is of the form:

t
X(t) = e X, +/ e M=0dz(xs),  t>0.
0



Infinite superposition of OU type process

Let {X(k)(t)}kzl be a sequence of independent OU type
processes. Define an infinite superposition as:

Xoo(t) = iX(k)(t)
k=1

Infinite superpositions are well defined under the following
assumption:

(A): > ExW(t)<oo and ) VarX®(t) < .
k=1 k=1



Infinite superposition of OU type process

Assumption (B): (B1): The self decomposable distributions of
X () have all moments and cumulants of all orders.

(B2): The marginal distributions of X(¥) are closed under
convolution with respect to at least one parameter d, and all
cumulants are proportional to that parameter.



Covariance structure of infinite supOU processes

The covariance function is of the form

Rx_ (t) = cov(Xx(0), X. Z Var(X ))e Mt

Assumption (B) implies that: Var(Xt(k)) = 0xC, where Cis a
constant, reflects parameters of the marginals of X(¥). For the
specific choice of parameters §; = k~(1T200=H) 1/2 <« H < 1,
and Ay = A/k, A > 0, we get

[e.e]

1 —At/k
Rx.(t) = G2 Z (1+2(1-H) © .
k=1

The covariance function Rx__(t) is not integrable for the chosen
parameters dx and Ay, i.e. the infinite supOU exhibits long-range
dependence (LRD), as we show next.



Covariance structure of infinite supOU processes

For the infinite superposition of OU type processes that satisfy
condition (B) and condition (A), the covariance function of X (t),
with specific A(K) = Ak and 0 = k—(+2(1-H)) % < H< 1, can
be written as

L(t)

Rx.(t) = naAy T2 0

where function L is a slowly varying at infinity function. Observe
that, for given H, the covariance function is not integrable at
infinity, hence infinite supOU process is long-range dependent
(LRD).



Scaling function and intermittency

For a process {Y(t)}¢>0, denote

g =sup{qg>0:E|Y(t)|? < oo, Vt} and assume that for the
function below limit exists and is finite for every g € [0,G). Then
define a scaling function at point g € [0,9) as:

@) i PEEY

t—o00 log t

,q € [0,9).

We say a stochastic process { Y;}+>0 is intermittent if there exist
two points p, r € (0,G) such that 7(p)/p < 7(r)/r.

Note: Scaling function is convex and non-decreasing function. The
function 7(q)/q is always non-decreasing, and what makes the
process Y;: intermittent is the existence of points of strict increase.



Example of a non-intermittent sequence

Slow moment growth: Denote the sum of positive, independent
and identically distributed (iid) random variable with finite
moments: S, = > ; &;. Then its g-th moment grows as: E(S,)?
~ n9(E&1)?, and the scaling function of S, is of the form:

7(q) = lim logE|S(n)|?/logn = lim (qlog n+qlog E&1)/logn = q.
t—o0 t—o0

Remark: Intuitively, the scaling function shows how g-th moment
of the process {Y(t)}+>0 asymptotically behaves as a function of
time:

E|Y(t)]9 ~ t7@ t - o.



Intermittency as multifractality
Theorem. Let {X(t),t > 0} be a non-Gaussian (discrete)
supOU process such that the cumulant function kx(¢) of the

OU process {X(t),t > 0} is analytic in the neighborhood of

the origin and x5’ = 0 and &) £ 0. If 7y is the scaling

function of
Y ={Y(t) Z[X ()], t >0},

then for every g > ¢g*

TY(C]) =q—q,

where g* is the smallest even integer greater than 2q,
a =2(1— H). Thus Y is intermittent.



Note that for self-similar processes Y

Tv(q) = qH,
Moreover, the function
7'Y(q) —1_ 2(1 - H) _ H(q)
q q
is strictly increasing in g :
2 3
Ty (1) < TY2( ) < TY?E ) <. < Tyc(lq) <

The term H(q) in the exponent of the asymptotic behavior of the
g-th cumulant of Y(tN) :

KD (NE) = CLIN)[NTHEO (1 + o(1)), N — oo,
that is supOU processes are intermittent.

Thus, intremittency can be interpreted as special case of
multifractality defined below.



Multifractal products of stochastic processes

Kahane (1985, 1987), Mennersalo, Norros and Reidi (2002): for
an independent copies Ag(5s), ..., Ay(s) of the mother process A(s) :

t

A(t) = lim /[/\o(s) <o Np(s)]ds, t € T e Ry

n—00
0

where {A(t),t > 0} is maltifractal, that is for some non-linear
function ((g),g € QC R

EA9(t) ~ t(a),
for example (Kolmogorov's lognormal scenario):
¢(q) = —ag* + (a + 1)q, a>o.
For a monofractal processes ((q) is a linear function, for example
¢(q) = qH,

where H € (0, 1) is the Hurst exponent (FBM, a-stable motion,
and a-stable subordinator and its inverse).



Examples:
1) Binomial cascade: A,(s) is constant on dyadic intervals;
2) Martingale de Mandelbrot: EA,(s) = 1,
3) Stationary cascade: Ap(s) is stationary:
i) conservation
EA,(s) =1

ii) " self-similarity”
An(s) =9 Ay(sb"), b > 1.
We consider the case
A(t) = eXeelt)mex

where X (t) is supOU stationary process with marginal
distributions:

Gaussian, Gamma, IG, NIG, TS, NTS, VG, ...



Product process
The conditions A’-A” yield

EAO(1) = M(1) =1,
VarA(t) = M(Q2)-1=03 < o0;
Cov(AD (81), AD(12)) = M(1,1; (1 — &2)b)) =1, b> 1.
We define the finite product processes

An(t) = H/\() —exp{ZX( (tb') },te[O,l],

i=0

and the cumulative processes
t
An(t) = / An(s)ds, n=0,1,2,...,t€]0,1],
0

where X()(t),i =0, ...,n, ..., are independent copies of a
stationary process X(t),t > 0.



Random measures

We also consider the corresponding positive random measures
defined on Borel sets B of R, :

pn(B) = / An(s)ds, n=0,1,2,...
B

Kahane (1987) proved that the sequence of random measures i,
converges weakly almost surely to a random measure p. Moreover,
given a finite or countable family of Borel sets B; on R, it holds
that limp_oo ptn(B;j) = p(B;) for all j with probability one.



Random measures continued

The almost sure convergence of A, (t) in countably many points of
R can be extended to all points in R if the limit process A (t) is
almost surely continuous. In this case, lim,_ o An(t) = A(t) with
probability one for all t € Ry. As noted in Kahane (1987), there
are two extreme cases:

(i) An(t) — A(t) in L1 for each given t, in which case A(t) is not
almost surely zero and and is said to be fully active
(non-degenerate) on R ;

(ii) An(1) converges to 0 almost surely, in which case A(t) is said
to be degenerate on R;.

Sufficient conditions for non-degeneracy and degeneracy in a
general situation and relevant examples are provided in Kahane
(1987). The condition for complete degeneracy is detailed in
Theorem 3 of Kahane (1987).



Conditions

We introduce the following conditions:

A’ Let A(t), t € Ry =[0,00), be a measurable, separable,
strictly stationary, positive stochastic process with EA(t) = 1.
We call this process the mother process and consider the
following setting:

A" Let A(t) =AU), i =0,1,... be independent copies of the
mother process A, and /\E,') be the rescaled version of Al :

N5y £ NO(eb'), teR,, i=0,1,2,...,

: d .
where the scaling parameter b > 1, and = denotes equality in
finite-dimensional distributions.



Conditions continued

Moreover, in the examples, the stationary mother process satisfies
the following conditions:

A" Let A(t) = exp{X(t)}, t € R4, where X (t) is a strictly
stationary process, such that there exist a marginal probability
density function 7(x) and a bivariate probability density
function p(xi, x2; t1 — t2). Moreover, we assume that the
moment generating function

M(C) = Eexp{¢X (1)}
and the bivariate moment generating function
M(C1, G2 t1 — 1) = Eexp{C1X(t1) + (2X(t2)}

exist.



The Rényi function

The Rényi function of a random measure p, also known as the
deterministic partition function, is defined for t € [0, 1] as

log B 271 pud (/,f”)

T(g) = liminf
n—o00 |0g‘/£”)
1 2n—1 o
_ . . = q n
= i () sz 3= (1),

where I{" = [k27" (k+1)27"], k=0,1,...,2" — 1,
length, and logy, is log to the base b.

I,E")‘ is its



We establish convergence

Aq(t) ZEAE), n— oo

For the limiting process we show that for some constants C and C,
Ct9logp EAI(2) EA9(t) < Ctalogp EAY(1)
which will be written as
EA9(t) ~ $a—log, EA9(t)
This allows us to find the scaling function
<(q) = q — log, EA (1) = q — log, M(q).

As is shown in Leonenko and Shieh (2012) for g € [1,2] there is a
connection between Rényi function and the scaling function given
by

T(q) = <(q) - L.



Remark

The multifractal formalism for random cascades and other
multifractal processes can be stated in terms of the Legendre
transform of the Rényi function:

T*(a) :Teiﬁ (ga —T(q)).

In fact, let f () be the Hausdorff dimension of the set

o (n)
Co=qte[0,1]: lim M

n—oo |Og ‘/IEI‘I) = 9

where IIE")(t) is a sequence of intervals I,En) that contain t. The
function f () is known as the singularity spectrum of the measure
i, and we refer to p as a multifractal measure if f () # 0 for a
continuum of «.



Martingales

Consider the cumulative process Ap(t) For fixed t, the sequence
{An(t), Fn}22, is a martingale. It is well known that for g > 1, £g
convergence is equivalent to the finiteness of

supEAY(t) < oo.
n



Condition for Log-normal scenario

B’. Consider a mother process of the form

A(®) = exp { X(6) - iai}

where X(t), t € [0,1] is a zero-mean Gaussian, measurable,
separable stochastic process with covariance function

Rx(1) = aiCorr(X(t),X(t + 7))



Moment generating functions

Under condition B’, we obtain the following specifications of the
moment generating functions:

ME) = Eexp{ ( ()—ax)}:e%0i<<2-<>, CeRY,

M((1, (it — )= Eexp {Cl <X(t1) - ;0’§<> + Q2 <X(t2) - ;U§<>}
= exp {iai [ — G+ — @]+ QGRx(t — tz)}7

Cl? <2 € Rl?

where 0% € (0, 00).



Moment generating functions continued

It turns out that, in this case,

M(1) = 1, MQ2)=e%%; o3F=e"—1;
COV(/\(tl),/\(tg)) = M(]., 1, t1 — t2) -1
— fx(u-t) 4

Rx(t1 — t2)

and

@* — q)ox

(
log, EA(t)9 = .
og EA(t) 2logh '’ q>0



Theorem
Suppose that condition B’ holds with the correlation function

Corr(X(t),X(t+71)) < Cr % a>0,
for sufficiently large 7, and for some a > 0,
1 — Corr(X(t),X(t+ 7)) < C|7]?,
for sufficiently small 7. Assume that
b > exp {q*gi/Q} ,

where g* > 0 is a fixed integer. Then the stochastic processes
t n . .
An(t) :/ [IAY (st)) ds, t € [0,1]
0 =
Jj=0

converge in L4,0 < g < g* to the stochastic process
A(t),t € [0,1], as n — oo, such that

EA(t)9 ~ t—aq2+(a+1)q7 g€ 1[0,q%],



Theorem continued

The Rényi function is given by
T(q) = —ag* +(a+1)g—1,g € (0,4") N[1,2],

where )
Ox

7 2logb’




Theorem continued

Moreover, if

Corr(X(8), X(t+ 7)) = ) o > 0,

™

where L is a slowly varying at infinity function, then

(t|u — v|)dud
VarA(t 2a2// ‘” vi)dudw o <1,
t)|u—w|®
and . .
VarA(t)>2ta§</ -7 D) g a1,
0

th 7"



Remark

We interpret the inequality as a form of long-range dependence of
the limiting process in the following sense: one can replace the

interval [0, 1] into more general interval [0, t], and for a large t we
have the following:

VarA(t) > lim / / |u = vi)dudw

t—o00 |u— W‘

~ Jim 2902 t|u—v\ )dudw
t—o0 ‘u—W| ’

/ / tyu— v|)dudw /1 /1 dudw 2
lim a = )
t—00 t)|u—wl® o Jo lu—w|® (1-a)2-a)

for0 < a<1.




LRD sup OU processes

We are going to consider an infinite superposition of the OU
processes, which corresponds to m = oo, that is now

Xoo(t) =Y Xi(2),
j=1
assuming that

D EX(t) < 00, VarX;(t) < oo,
j=1 j=1



LRD sup OU processes

In this case

o0
Ro(t) = D of exp {=A; |t}
j=1
and if we assume that for some §; > 0

EXJ(t) = 6J-C1,Vaer(t) = Jf = (5jC2,(5j :j_(1+2(1_H)),% < H<1,

where the constants C; € R and C, > 0 represent some other

possible parameters, then

EXoo(t) = G Y 0; = Gi{(1+2(1 — H)) < oo,
j=1



LRD sup OU processes

We are going to make an additional assumption that there exist
parameters J; such that

EetXi(0) — pelsY

for some random variable Y. The sum
o0
Z(Sj < 0
j=1

must be finite. We obtain
Roo(t) = G2 > djexp{—X;|t[},
j=1

for some (; > 0. This approach allows also to treat the case of
several parameters.



LRD geometric sup OU processes

Define the mother process as geometric process
A(t) = X< ¢y = log EeX>(0) M(¢) = EelXee(0)=ex)

where X (t),t € R, is the infinite superposition process.
Denote

M((1, Gos ti—t2) = exp {—cx(C1 + (2)} Eexp{C1Xoo(t1)+(2Xo0(t2) }



Theorem

Let Xs(t),t € R4 be an infinite superposition of OU-type
stationary processes. Assume that the Lévy measure v of the
random variable X,p(t) satisfies the condition that for a positive
integer ¢* € N,

/ xed ¥v(dx) < oo.
[x[>1

Then, for any fixed b such that

o { M1




Theorem continued

the stochastic processes
t)—/ H/\<f> (sb/) ds, t € [0, 1]

converge in L to the stochastic process A(t) € Lg, t € [0,1], as
n — oo. The limiting process A(t) satisfies

EA9(t) ~ tI7 18BN () 4 e [0, ¢*).



Theorem continued

The Rényi function is given by
T(q) =q—- 1- IOngAq (t)> qc [Oa q*] N [172]7 te [Oa 1]

In addition,

t t
VarA(t) > / / M(Cl, Cg; S1 — 52)d51d52
0 JoO

t t
~ / / RX(sl *52)d51d52,
0 JO

where M((1,(2; s1 — s) is the bivariate moment generating
function.



Log-gamma scenario
The log-gamma multifractal scenario is well-known in the theory of
turbulence and multiplicative cascades (Saito 1992). In this
section, we propose a stationary version of the log-gamma scenario
with LRD.
We will use a stationary OU type process X(t),t € R, with
marginal gamma distribution (3, ). It is known that the gamma
distribution with the moment generating function

-8
Eexp{¢X(t)} = (1— i) , (<a,a>0,8>0,

is self-decomposable. The Lévy triplet is of the form (0,0, v),
where
ﬁe—au

v(du) = 110,00 (1) du.

The covariance function is then

rx (t) = (B/a®) exp (=Alt]).



One can construct supOU processes X(t), where X;(t),j =1, ...
are independent stationary processes with marginals
M(Bj,),j =1,2... Then

Xoolt) = 30 (8) ~ T(Y By,

assuming Boo = D72, f < 00.
Consider a mother process of the form

A(t) = exp (Xx (t) — cx), cx = log



We obtain the following moment generating functions:

e*CXC
(1 _ Q)ﬁoo ’
o

M (¢1, i (1 — t2)) = Eexp {1 (Xoo(t1) — cx) + (2 (Xoo(t2) — cx)}
= 67CX(CI+C2)E exp {CIXOO(tl) + C2 (Xoo(tQ)} )

M () = Eexp (¢ (Xoo (£) — cx)) = (<aa>1,

where

log I exp{(1 Xoo (t1)+(2Xoo (22)} = D _ log B exp{(1 X(t1)+(Xj(12)},
=1

and
log E exp (ClXj(tl) + (Xj(t2)> =
B ij 1§e‘ tj_s)l[O )(tj —s)

= ds.

Ro— Y7 Ge NG (1 — s)




It turns out that, in this case,

log, EA (t)7

- log boo

and

/ ve? Yu(du) =
lu[>1

<—qlog(1_z)5w — Poc log <1 - Z)) ;

=B
M (Be)

oo
/ e Ve My < 00, qF < a.
1



We formulate the following
Theorem. Let X (t) be a stationary gamma supOU stochastic
process and let

R={9:0<g<qg" <a,a>2, [ >0}

where g* is a fixed integer. Then, for any

b > [(1— ;)ﬁwq*/<1 - i)ﬁw]q*ll,

the stochastic processes A, (t) defined as in condition B”

converge in Lq to the stochastic process A(t) as n — oo, such that
A(t) € L4 and
EA(t)9 ~ t(9),

where the scaling function ¢ (q) is given by

B 1 1 Boo q
§(q)—q<1+|ogb|og (1_1)/3m>+logb|0g(1 a),qEQ.



Log-NIG scenario

As an example consider a stationary OU-type process X(t) with
marginal normal inverse Gaussian distribution NIG(«, 3,6, 1),
which is self-decomposable, and hence infinitely divisible. The
moment generating function of NIG(«, 3,4, it) is given by the
formula:

OB M(Q) = 6 +0 |VaZ = 5 = a2 = (5+.0F . 13 +¢/ <a
and the set of parameters satisfies the following constraints
§>0,0< |8l <a,peR,Y =a®— 3
The Lévy triplet is of the form (a,0, v), where
1
a = p+ 27715a/ sinh (8x) K1 (ax) dx, v(du)
0

= a Yalu P Ky (a|u]) € du,
The covariance function is then
rx (t) = (602 /7*) exp (—At]).



One can construct supOU processes X (t), where X;(t),j =1, ...,
are independent stationary processes with marginals
/VIG(O(7 ﬁ, (5j, Mj),j = 1, 2... Then

Xoo(t) = D Xi(t) ~ NIG(a, B, 07, 1))
j=1 j=1 j=1

assuming doo = 3771 0 < 00, floo = D121 Hj < 00
Consider a mother process of the form

A(t) = exp (X (t) — cx),  cx = log

Consider a mother process of the form

A(t) = exp {Xoo () — cx}, Ex = fiooH0o0V/ @2 — 62—\/m,

where |5+ 1] < a. Let ¢* < o — || be an integer and put

Q={g:0<g<qg"|f+1 <a,pw €R, §oo>0}



If b>expl —door/a2 — 32+ S0 /0P~ (B1q")* = doo /R~ (A1)

1-g* )
then the statement of main Theorem holds for g € Q with the
scaling function

boo [V +72 = (B+17 1]
log b

(q) = |1-

\/62+7—(ﬂ+q) 2y

Iob log b



Log-tempered stable (log-1G) scenario

The cumulant transform of a random variable X ~ TS(k,d,7) is
of the form.
1/k

IogEecX:(S’y—&(*y%—2()5,0<C< 72 .

Note that
EX(t) = 2/@67%_1,VarX(t) =4k (1 — k) 57%2.

We will consider a stationary OU type process with marginal
distribution TS(k,d,~). This distribution is self-decomposable
(and hence infinitely divisible) with the Lévy triplet (a,0, v), where
v(du) = b(u)du, b(u) = org ke oyt u>0
N ’ N ’ '

Then - -
Xoo() =D Xi(t) ~ TS(k, Y 67,7),
j=1 j=1



Consider a mother process of the form

A(t) = exp { X () — cx}

with . .
ex = [0007 = 0 (77 = 2) ] v > 2%,
and if
1/k
Q={q:0<gqg< %,7 > max{(2g*)",4"},k € (0,1),0 > 0} N[0, g*],
where g* is a fixed integer. Then, for any

*

b > exp{ —v0so + Ooc (’y%—Zq*)H— 9 500(’7%—2)H )
1—g* 1—g*

~v > max{(2g*)", 4"}, the stochastic processes A,(t) converge in
L4 to the stochastic process A(t) for each fixed t € [0, 1] as

n — oo such that, A, (1) € Lg, for g € Q, and EA9(t) ~ ts(9),
where the scaling function < (q) is given by

Oso s (X " b (AE " b
g(q):q(1+|ogz_lggb (75_2)> +Iggb <7K_2q> _IogZ’qu'




In this particular when x = 1/2, we arrive to log-inverse Gaussian
scenario where the scaling function is of the form:

o0 ['7 - \/727_2}

log b Io b

V2 ,qu

s(@=q |1+

and
2

Qz{q:0<q<%,722,6oo>0}ﬂ(0,q*)

o] 72_2}

b > exp{—yéoo - (Sooq* V72 —2q— ]

1

and g* is a fixed integer.



Some other multifractal scenarios related to supOU
processes:

1) Log-NTS
2) Log-VG
3) Log-Euler's gamma

4) Log-z scenario
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