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The classical heat equation

8. Y (t,x) = gAY(t,x) +F(t,x), t>0, xR,
Y (0, x) = f(x).

F smooth and compactly supported force function
f bounded measurable initial condition

k positive diffusion constant
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The classical heat equation

8. Y (t,x) = gAY(t,x) +F(t,x), t>0, xR,
Y (0, x) = f(x).

F smooth and compactly supported force function
f bounded measurable initial condition

k positive diffusion constant

Solution:

Y(t,x) = /Rd g(t, x—y)f(y) dy+/0t/Rd g(t—s,x—y)F(s,y)dsdy

where
N
(t,x) = —" 11100
&g\, (27mt)% {t>0}
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Stochastic heat equation with multiplicative Lévy noise

8. Y (t,x) = gAY(t,x) +o(Y(t,x))i(t,x), t>0, xR,

o globally Lipschitz function
[ Lévy space—time white noise (= distributional
derivative of a Lévy sheet L)

L(dt,dx) = / z(pu —v)(dt,dx,dz) Lévy basis
R

u Poisson random measure on R x R x R with intensity measure
v(dt,dx,dz) = dtdx A(dz), A({0})=0, / |z|A|z]2 A(dz) < oo
R
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Mild formulation

Mild formulation:

Ve = Yo(ex)+ [ [ et =s.x=y)a(¥(s.y) Lds.dy).

Vo(t.0) = [ elt.x=y)f(y)ay.

(SHE-L)

where
1 |x|2

e 2t
(27mt)% {0
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Existence and uniqueness

Theorem (Saint Loubert Bié 98)

If L has no Gaussian part, and there exists p € [1,1 4+ %) with

/ |z|P A(dz) < oo,
R
then (SHE) has a unique solution satisfying

sup E[|Y(t,x)[P] <o VT >0.
(t,x)€[0, T]xRd

Remarks:

@ With Gaussian noise, (SHE) only has a solution in d =1
(Walsh 86).

@ Extensions to heavy-tailed (e.g. stable) noises possible
(Chong 17).
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Problem formulation

What is the behavior of E[|Y(t,x)|P] as t — c0?

© Upper and lower moment Lyapunov exponents:

1
J(p) := limsup = sup log E[| Y (t, x)|P],

t—o0 xeRd

v(p) = Iiminf1 inf log E[| Y (¢, x)|P].
- €R

t—oo t x

@ The solution Y is weakly intermittent of order p if

0 < y(p) <7(p) < oo.
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Why intermittency?

From (Bertini & Cancrini 95):

Let Y(t,x) be nonnegative and stationary and ergodic in x
such that
E[Y(t, x)] = constant

1
v(p) == lim —logE[Y(t,x)P] exists for all p >1
t—oo t

Y(p) = 00, P Pmax :=sup{p > 1: y(p) < o}
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Why intermittency?

From (Bertini & Cancrini 95):

Let Y(t,x) be nonnegative and stationary and ergodic in x
such that
E[Y(t, x)] = constant

1
v(p) : tlgn ; log E[Y(t,x)P] exists for all p > 1

Y(p) = 00, P Pmax :=sup{p > 1: y(p) < o}

e In particular, v(1) = 0.
@ Weak intermittency of order p > 1 implies that

oo 1)

p

is strictly increasing on the set {p > 1: v(p) < oo}.
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Why intermittency?

@ Assume v(p) > 0, take o € (0,7(p)/p) and define

Leb(Bto N {|x| < R})
Leb({|x| < R})

Bio = {x: Y(t,x) > e}, pta= RIi_r)noo
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Why intermittency?

@ Assume v(p) > 0, take o € (0,7(p)/p) and define

_ Leb(Broa N{|x| < R})
Bro={x: Y(£.) > ¢}, pra=| |
ta = Y(tx) > ™} pra = lim Leb({|x| < R})

e Ergodic theorem:

pra = P[Y(t,x) > e
< e tE[Y(t, x)]

= Ce
o Write

E[Y(t,x)P] = E[Y (¢, x)"1p, , ()] + E[Y (£, x)P1gc (x)]
—_———— ,

Ne'YPt

Sepat<<e’Yp t
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Why intermittency?

o Write
E[Y(t,x)P] = E[Y(t,x)"18, . (x)] + E[Y(t,x)"15c (x)]
N—— NeY
~ept Sepat<<e’Ypf
@ Hence:

E[Y(t,x)?] ~ E[Y(t,x) 1B, ]
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Why intermittency?

o Write
E[Y(t,x)P] = E[Y(t,x)"18, . (x)] + E[Y(t,x)"15c (x)]
N—— NeY
~ept Sepat<<e’Ypf
@ Hence:

E[Y(t,x)?] ~ E[Y(t,x) 1B, ]

o If py /" Pmax and

M<an<m (Oén/(OO),
Pn Pn+1
there exist
Bt,al D) Bt7a2 D) Bt,a3 o LN pt,an S efa,,t’

with
VPt L E[Y(t,x)P] ~ E[Y(t,x)1g,,,]
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Review: The Gaussian case

Assume d = 1 and

0 < inf f(x) <supf(x) <oo, inf > 0.
inf (X)_igﬂg (x) < oo Xeﬁ'\{oﬂ“(x)/x‘

Then:
@ (Foondun & Khoshnevisan 09): For every p > 2, we have

0 < v(p) <7(p) < oo.

@ (Bertini & Cancrini 95): If f = ¢ > 0 and o(x) = x, then

Many extensions: rough initial data (Chen & Dalang 15), colored
noise (Foondun & Khoshnevisan 11), ...

11/24



Lévy case: No high moments

Theorem (C. & Kevei 17)
Assume that A # 0 and there exists (tp, x0) € (0,00) x RY with

U( Yo(to,Xo)) % 0.

Then
sup E[|Y(t,x)|P] = +o0
(t,x)€[0, T] xR

forall T >tgand p>1+2/d.

In particular:
@ No high moments even if jumps have nice moments.
@ In dimension d = 1, only moments up to order < 3.

@ In dimensions d > 2, the second moment is infinite.
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Challenges:

In order to investigate the weak intermittency with Lévy noise, one
has to consider in d > 2

© non-integer moments,

@ moment orders less than 2, in fact, between (1, 2).
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Results

Theorem (C. & Kevei 17)
Let Y be the solution to (SHE), and [, |z|**%/¢ A\(dz) < oo,

0 < inf f(x) <supf(x) <oo, inf > 0.
inf (X)_igﬂg (x) < o0 Xeg\{o}la(X)/XI

© For every p € [1,1+2/d), we have

1
(p) = limsup = sup log E[| Y (t, x)|P] < oc.

t—00 x€R4d
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© For every p € [1,1+2/d), we have

1
(p) = limsup = sup log E[| Y (t, x)|P] < oc.

t—00 x€R4d

@ There exists pg € [1,1+2/d) such that

1
Vp € (po,1 + %); v(p) = limsup = inf logE[|Y(t,x)|P] >0
— t xeRd

t—o0

But: In dimension d = 1 we can take pg = 1.
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Results
Theorem (C. & Kevei 17)
Let Y be the solution to (SHE), and [, |z|**%/¢ \(dz) < oo

0<|nffx < sup f(x) < oo, inf |o(x)/x| > 0.
() Ssup () <oo, inf  [o(x)/x

@ For every p € [1,1+2/d), we have

1
(p) = limsup = sup log E[| Y(t, x)|P] < oc.

t—00 XERd

@ There exists pp € [1,1+ 2/d) such that

1
Vp € (po,1 + %): y(p) = lim sup? |nf log E[|Y(t, x)|P] > 0

t—00

po = 1 in higher dimensions?
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Sketch of proof for the lower bound

Key lemma: Lower moment bound for Poisson integrals

Consider a Poisson random measure p on Ry x E with intensity
measure v. Then for every p € (1,2) there is a universal constant
Cp > 0 such that for any predictable process W = W(w, t, x),

: H//ﬂmg W(t,x) (1 — v)(dt, dx) p]

JJr, xe BIW(t, x)|P]v(dt, dx)
=P (AVu(Ry x E))-p/2
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Sketch of proof for the lower bound

Proof of Theorem for d > 2:

Step 1: For fixed (t,x) consider the truncation py = ,ugt’x) of u:

pa(ds, dy, dz) = 1jo,q(5)1{g(t—sx—y)>1} Ir\[-1,1)(Z) p(ds, dy, d2)

Then, by the BDG-inequalities,

ARz -<///Otg2(t — s.x — y)Y2(s,9)2 u(ds, dy, dz)>p/2]

>S14E -<///Otg2(t Csx— y)Yz(s,y)z2,ul(ds7dy,dz))p/21

>14E :\///tgu— 5.x— Y)Y (5.9)z (11— 12)(ds. dy. dz) ]

gp(t_s X — y)l{gt s,x—y)>1}
(Lemma) > 1+// E[|Y (s, y)|P] ds dy
([fo Ligsy)>1y dsdy)t=p/2
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Sketch of proof for the lower bound

Step 2: In particular, for
I,(t) := inf E[|Y(t,x)|"],
b(t) aRd [[Y (£, x)["]

we have .
O 21+ [ we = s)ha(s)ds
0

where

) e P 00
P (JI6" Lg(s.yy>1y ds dy)t=P/2
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Sketch of proof for the lower bound

Step 2: In particular, for
I,(t) := inf E[|Y(t,x)|"],
b(t) aRd [[Y (£, x)["]

we have .
O 21+ [ we = s)ha(s)ds
0

where

) e P 00
P (JI6" Lg(s.yy>1y ds dy)t=P/2

Renewal Theory: [,(t) grows exponentially fast in t if

oo
/ wp(t)dt s large enough.
0
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Sketch of proof for the lower bound

Step 3: In order to achieve this, observe that

o0 P(t,x)1 (0o dtd
/ wo(t) dt = JIo~ &Pt x) g, )>1}1 /;
0 (Jf" 1{g(s,y)>1}d5dy) P

asp—1+2/d.
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Sketch of proof for the lower bound

Proof of Theorem for d = 1: We fix p € (1,3) and consider
pre(ds, dy, dz) = 1o 4(5) 1 g(t—sx—y)>e} Ir\[-1,1(2) p(ds, dy, d2)
for small e.

Indeed:

/OO Wg(t) ff() t X 1{g(tx)>g} dtdx Ca|CU|at|on
0

P2 5o
ffo l{g (sy)>ep dsdy)t™ p/2
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Asymptotics of Lyapunov exponents

Theorem: Gaussian noise

Assume d = 1 and

0 < inf |f < f < 00, inf > 0.
inf IF()] < sup|F() < o0, inf o)/

Then:
@ (Foondun & Khoshnevisan 09): For every p > 2, we have

0 < v(p) <7(p) < oo.

@ (Bertini & Cancrini 95): If f = ¢ > 0 and o(x) = x, then

Many extensions: rough initial data (Chen & Dalang 15), colored
noise (Foondun & Khoshnevisan 11), ...
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Asymptotics of Lyapunov exponents

Theorem (C. & Kevei 17)

Under the previous assumptions,

o
u . g_l
0<|Innl>lorg>fn|ognlogl(1+d =)
<li logF(1+32 - 1)<
< limsup ogY(l+§—5) <o
(2]

p—1 i p—1
0 < liminf k124, ~(p) < limsup K 1+2/4=,¥(p) < 00
£—0 - k—0
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Asymptotics of Lyapunov exponents

Theorem (C. & Kevei 17)

Under the previous assumptions,

o
. . g_l
0<|Innl>lorg>fn|ognlogl(1+d =)
<li logF(1+32 - 1)<
_Irrlsolipnlogn og7(1+ 3 —75) <0
(2]

0< Ilmlnfn1+2/d 1+2/d=py(p) < limsup /<cl+2/d w277 (p) <
k—0

(Pv )NKJ 1+2/d1 p

n" 7
n(n?® —1) (p; k)~ k!

Gauss: l(”) =

o0
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Asymptotics of Lyapunov exponents

Theorem (C. & Kevei 17)

Under the previous assumptions,
° 2 1
0 < liminf niog logy(1+ 45— =)
< i logF(1+32 - 1)<
- ITﬁsolipnlogn og7(1+ 3 —75) <0
(2]
0< Ilmlnfn1+2/d 2/d=p~(p) < limsup T8 +2/d-p7(p) < 00
K—0
—1
Lévy: ~(1+32—3)~n" v(pi k) = K ~TEa
Gauss: y(n) = n(n*—1)  A(pik) = k7!

Intermittency/chaotic behavior much stronger in the Lévy case!
2/24




Thank you very much!
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