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m Introduce the multivariate Ornstein-Uhlenbeck process
{Z(t)}t>0 with values in R for p € N by

0Z(t) = CpZ(t)at + epdL(t), Z(0) = Zy € RP.

m Lis real-valued, square integrable Lévy process with zero mean
m {e;}}_, is the canonical basis in RP, while the p x p matrix Cp
takes the particular form

[0 1 0 0 ]
0 0 10 0
Cp == s
0 1
| —Op —COp—1 . ... Taq ]

for constants o; >0,i=1,...,p.
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m Define a continuous-time autoregressive process of order p
(CAR(p)-process) by

X(t) = e Z(t), t >0,

m For g € N with p > q, we define a CARMA(p, q)-process by

X(t)=b'Z(t), t>0,

| Here, b= (bo, b1, ey bq,1, 1,0, ..,O)T € RP
= Multivariate extensions of CARMA processes: Stelzer et al.

Fred Espen Benth, CARMA processes in Hilbert space Aug 14-16, 2017 4/23



UiO ¢ Department of Mathematics
University of Oslo

Overview

1 Definition of CARMA processes in Hilbert space

Fred Espen Benth, CARMA processes in Hilbert space Aug 14-16, 2017 5/23



UiO ¢ Department of Mathematics
University of Oslo

Motivating example: the wave equation

PY(tx)  PY(tx) N OL(t, x)
or  ox? ot ’

t>0,x€(0,1)
m 2nd order (in time) PDE: with A = 0%/dx?

Y(t x) 0 Id
aYét,X) = A 0
t

Y(t x)

0
d dY(t, ] at + |: :|
o¥(tx) dL(t, x)

m OU-dynamics in Hilbert space: H := Hy x Ho
m Hp := L?(0,1), basis {&,}nen With en(x) := V2sin(nx)
m L(t-)is an Hp-valued Lévy process
m H; C L2(0,1), where |f|3 := 2 7, n?(f, en)5 <oo
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General definition

m H:=H, XHQX...XHp,pEN
m H;’s are separable Hilbert spaces
m The projection operator P; : H — H;: Pix = x; forx € H,
i=1,..., p
m Adjoint P/ : Hi — H: P/x =(0,...,0,x,0,...,0) for x € Hj,
where the x appears in the ith coordinate
m L(t) Hp-valued Lévy process
m Square integrable with zero mean
m Covariance operator Q € L(Hp)

m H-valued OU process

dZ(t) = CoZ(t)at + PydL(t), Z(0) := Zo € H.
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m Cp : H — Hlinear operator (unbounded), represented as a
p x p matrix of operators

0 5 O 0 -
0 0 Jy O 0
Cp =
o . A
| As Ao Ay

A :Hpp1—j— Hpi=1,...,pare p (unbounded) densely
defined linear operators, and /; : Hppo_j — Hp1—j, i =2,...,p
are another p — 1 (unbounded) densely defined linear
operators.
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m Assume Cp, is densely defined operator
mlfHy=...=Hpand [, =Id, Dom(Cp) is dense

Dom(Cp) = Dom(Ap) x Dom(Ap—1) x ... x Dom(Ay)

m From theory of SPDEs (see Peszat and Zabczyk):

Assume that C,, is the generator of a Cy-semigroup {Sp(t)}t>0 on H.
Then the H-valued stochastic process Z is given by

t
Z(t) = Sp(t)2o + /0 Sp(t — S)P5 dlL(s)
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Definitions
m General CARMA

Let U be a separable Hilbert space. For Ly € L(H, U), define the
U-valued stochastic process X(t) by

X(t) :=LyZ(t),t >0
We call X(t) a CARMA(p, U, Ly)-process.

m A CARMA(p, Hq, Py)-process X(t) is called an H;-valued
CAR(p)-process.

X(t) =P12(t) = Z(1)
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CAR(p) as pth order differential equation
in H

m By definition of the operator matrix Cp

Z{(t) = IpZo(t), Z5(1) = Ip-12Z5(1), . .., Z5 4 (1) = bZp(1)
and
Z;)(t) = ApZ1 (t) + - Aq Z1(t) + L,(t).

m Assume there exist p — 1 linear (unbounded) operators

By,Bs, ..., By,_1: Hy — Hy,
- bAg=Bglplp—1--lgr1, g=1,..., p—1 (1)
Additionally, define the operator B, : Hy — H; as
By :=1Ip--- hAp. (2)
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m By iteration,

Z1(q)(T) =lplo-1---lp—(g-1)Zg11 (1), q=1,....p—1

m Thus,

d _(p-1
ZP)(t) = azf" ()=l bZ)(t)
=l bAZI (D) + I b Ap 1 Zo(t) + -+ + Ip- - - A Zp(1)
F Iy bL(1)
= BpZi(t) + Bpu1 Zi (1) + Bo2ZO (1) + ... + B, ZP7V (1)

+ e bL(1).
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m Introduce the operator-valued pth-order polynomial Q(A) for
AeC,

Qo(A) = — B —BoAP2 ... — B, 41— B,.

m In conclusion, a CAR(p) process X(t) = Z;(t) can be viewed as
the solution of the pth-order differential equation,

%<;>mn—¢mbuu
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m If Hy = ... = Hp, Cp is a bounded operator and /; = Id for
i=2,...,p, we have

Aq:Bq, q:1,,p

m Further suppose X is a CARMA(p,H1, LH,)
m le, H=H;""and U= H,
m Ly, is a vector-valued operator Ly, := (M, ..., Mp), where
M; e L(Hy),i=1,....p.
m Assume M; commutes with A; for all /, j

p
X(t) =) MZ(t)
i=1
m Using the relationships for 7y, ..., Z, and the commutation

assumptions.......
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d B ay ,,
0y () X1 = Ros () L0

m Operator-valued (p — 1)th-order polynomial R,_1(A),A € C,

Rp_1(A) = MpAP~" + Mp 4 AP2 -+ MpA + M.

m Hence, informally, a CARMA(p, H, Ly, )-process {X(f)}+>o can
be represented by an autoregressive polynomial operator Qp
and a moving average polynomial operator R,_1.

m With rather strong conditions on commutativity on the A’s and
Ms...
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Functional AR(p) process

m Focus on X being CAR(p) process, i.e. Ly, = P4
mFor6>0,t,=1i-6,i=0,1,2......
= Introduce nth-order forward differencing operator A

Ayuy:§:<zy—nwu+(n—kw)

k=0
for a function f and n € N.
m Define (formally) a time series {x;}7, in Hy by

%<%>m_@ a:%mhﬁ—um.

m We use the notation x; = x({;) when applying As
m Initial values xo, . . ., Xp—1 € H given
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{xi}2, is an AR(p) process in Hy with dynamics

p
Xitp =) AqXis(p-q) +EP¢i
q=1
where
~ p q p—k
Ag = (—1)7" (q) Id + Z5kAk(—1)q_k<q_ k),q =1,...,p
pa

m Result can be extenbded to unbounded case!
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Pathwise regularity

For p € N with p > 1, assume that C, is the generator of a Co-
semigroup {Sp(t)}t>0. Then the Hi-valued CAR(p) process X has
the representation

t u
X(t) = P1Sp(t)Zo + P1Cp / / Sp(u — s)P; dl(s) du,
0 JO

for all t > 0.
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Representation of semigroup and generator:
t
Sp(t) = 1+ Cp / 5,(5)ds.
0
Thus,
t t
X(t) = P1Sp(t)Zo + P / Cp / Sp(u — $)P; dudL(s).
0 s

Show that C, can be pulled out of dL(s)-integral. Invoke stochastic
Fubini theorem. [ |
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Concluding remarks

m When is Cp, generating a Cyp-semigroup?

m Special case: Ay,...,Ap, b, ..., lp are bounded operators
m Partial extension: Ay unbounded....recursive representation of
semigroup

m Existence of limiting distribution for X?
m Semigroup S, must be exponentially stable
m If C, is bounded, Sy(t) exponentially stable iff Re(A) <0 for all
A e o(Cp), the spectrum of Cp
m Characteristic functional (cumulant) of the limiting distribution is
available
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Thank you for your attention!
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