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Introduction

We consider two models of observed processes (X;);>o driven by
Brownian motion (B;)>0.

Model A: (Part I)

Xy = ut + By I or, in differentials, dXy = pdt + dBg,

where u is a random parameter which does not depend on B.

Model B: (Part II)

iB t< 0
XtZ,LL(t—Q)_I_—I—BtI or dx; =P <
udt+dB;, t>0,

where (i, 8) are random parameters which do not depend on B.
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Our presentation are based on the recent works:

e U. Cetin, A. A. Novikov, A. Shiryaev. A Bayesian estimation
of drift of fractional Brownian motion
(Preprints, LSE, UTS.)

e A. Shiryaev, M. Zhitlukhin. A Bayesian sequential testing
problem of three hypotheses for Brownian motion.
(Statistics & Risk Modeling, 2011, No. 3)

e M. Zhitlukhin, A. Shiryaev. Bayesian disorder problems on
filtered probability spaces
(TPA, 2012, No. 3)
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e A. Aliev Towards a problem of detection of a disorder which
depends on trajectories of the process (TPA, 2012, No. 3)

e M. Zhitlukhin, A. Muravlev. Solution of a Chernoff problem
of testing hypotheses on drift of Brownian motion
(TPA, 2012, No. 4)

e A. Shiryaev, M. Zhitlukhin. Optimal stopping problems for a
Brownian motion with a disorder on a finite interval
(TPA, 2013)
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I. Estimation of the drift coefficient

We observe a process X = (Xt)tZO

Xt=ut-|-BtI

where 1 is a random parameter which does not depend on B.

Decision rule based on FX-observations (FX = (FX);>q, FX =
o(Xs,s<t)), is a pair 6 = (7,d), where

» 7 is a FX-stopping time (i.e., {7 <t} € FX for any t > 0);
» d is a FX-measurable function (taking values in R).
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The Bayesian risk which we consider is given by

R = inf Eler + W (u,d)],

(7,d)

where

» E is the mean with respect to the measure generated by
(independent) p and B;

» W is a penalty function: Er < ~o.

Due to the representation
Eler + W (u, )] = E{E [er + W (u,d) | 7] ]
and the fff—measurability of  and d, we need to find

E|W (u, d) \fﬂ .
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The conditional distribution of p is determined by

Y t p—
dP(Xg = z) aP.(2)
P(n <o) = s =
- t o dP(X§ | u = 2) ’
J T~ dbu(z)
o0 dP(X§ | = 0)

with the Radon—Nikodym derivative

dP(X§ | u = 2)
dP(X§ | = 0)

of the measure of the process X6 = (Xs,5 <t) with =z w.r.t.
the measure of the process X6 = (Xs,5 <t) with u = 0.

-7




Calculating explicitly the Radon—Nykodym derivative, we find

Y
. I ert—th/Q dP,u(Z)
—00
P(,u <y ‘ Fi ) = = » :
i ez Xt—2°t/2 dP,u(Z)
—00

If P,(z) has a density, dP,(z) = p(z)dz,
then the conditional density p admits the representation

dP(u<y|FX)  evXemvt/2p(y)
S |
dy [ ert—th/Qp(z) dz
— 00

p(y,Xt, t) L=
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Thus, for d =d(7) we have
E(W (u,d) | FX] = /RW(y,d(T)) - p(y, X7, 7) dy.

If for each 7 there exists an FX-measurable function d*(r) such
that

inf /W(y,d)'p(anT;T)dy:
deFX /R

= [ W.d'(0) ply, XriD)dy (= G(r, X)),
then (with the notation p = Law u)

(iTng) Elect + W (u,d)] = igf Eler + G(7, X7)] (=V(p)).

If 7 is an optimal time for the right-hand side,

then (7*,d*(7*)) is an optimal solution of the initial problem.
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EXAMPLE 1 (classical mean-square criterion)

W(p,d) = (p—d)? and p~N(m,o?)
In this case
V(p) = infEler 4 v(7)], where v(t) = 1/(t+ o 2).
The optimal time 7* is deterministic, at that

(a) if \/c < o2, then 7* is a unique solution to the
equation v(7*) = /¢, i.e., T =c /2 572,
(b) if \/c> o2, then * = 0.

Optimal d* coincides with the a posteriori mean E(M]—“jﬁ):

VeX o« +ma/c/o?, if e < o2,
m, if \/c> o2,

(c) d* = {
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How can one get the representation

V(p) =infEfer +v(r)]  for v() =1/(t+072) ?

Consider

i —d)?].
(lTr}CTZ‘)E[CT+ (1 —d)”]

For a given 7 the optimal d*(7) is E(u| FX):

d*(t) = /Ry-p(y,XT;T) dy. \
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It is interesting to observe that if we denote

A(t,z) = /R y - p(y, z; t) dy,

then from the explicit form of p(y,x;t) we can see that
Ay (t2) = [ v? p(y,oit) dy — A2(t,2).

So, A'(t, X;) = E [(u— E(u| F))? \ FiX|. Thus,

Al(t, Xy) is the variance of u conditioned on FiX. I

Consequently,

V(p) = infE[er + A (7, X7)] (= infE[er 4+ G(r, X7)]).
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If u~ N(m,o?), then the conditional variance has the form

Aw(tht) — U(t)7 I

where v(t) solves the Riccati equation (Kalman—Bucy filter)

V(1) = —v2(t), v(0) =",

i.e.,
1
t) = )
v(t) t4 o2
Thus,
V(p) =infE + 1
= CcT :
b T t+ o2

which proves (a) and (b) for 7*.
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Representation (c) for d* = E(M]—“jﬁ) follows from the formula
d*(t%) = /Ryp(y, X ) dy

= X_«v(7T*) + mexp (— /OT* v(s) ds)

0'2 m

:X* 3
T 1—|—027'*+1—|—027'*

whence we find

VX +ma/e/o?, if\e<o? (rF=c"12_572),
m

() = { : if Vc> 02 (7 =0).
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EXAMPLE 2 (criterion connected with the precise detection,

when d* = u)
lV(uw)==—fﬂC)|

where ¢, is a Dirac function. In this case

p(d) exp(Xrd — 57d?)
Jrp(2z) exp(zz — %7122) dz

Thus, d*(7) is a mode of the conditional density p(7, X-,-) (i.e.,
any point of local maximum p(r, X-,-)).

/RW(M’ d)p(Ta X’T)y) dy — _p(7_7 X’7'7 d) — -

If the support of p is R and the function p is differentiable,
then d*(7) solves the equation

p'(d)

7d = — X .
p(d) '

I-15




In normal case u ~ N (m,c?) the mode coincides

with the conditional mean (see Example 1):

7(ry = VX Fmye/o?, if Ve <o (r=cY2-072),
i m, if Vc> o2 (r=0).

In this case

G(r,X;) = —p(r, X7;d" (7)) = —

1

\/ 2mv(T) |
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Taking into account that E(er + G(7, X7)) = E(er — 1/4/27wv(7)),
we obtain the equality that 7™ = t*, where

1 [o(t*)
cC— — = 0.
2 2T

o 1/(8wc?) — 1/02, if 8wc? < o2,
- 0, if 8wc? > o2.

Consequently,

The corresponding function d* is given by

v(7T*)

g2

2

3mc

dF =v(t) X+ m = 81’ X. « +m

g2

Of great interest are problems, where u lies in a finite interval
[y, uo] with, e.g., uniform distribution. In this case optimal
time 7* is NOT deterministic.
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It is interesting that the same method of estimation can be
applied to model

X; = ut + B,

where B is a fractional Brownian motion with 0 < H < 1. For
this case a key Radon—Nikodym formula is

(1) 2
dP; 7

—t = exp{uM; — (M)},
dPt(O) { t t}

2
where M = (M;):>0 is a fundamental martingale with independent
increments whose quadratic characteristic has the form

Ch

M)y = EM? = ¢2¢2(1-H) Co = .
(M) i 5 2T SH(2 - 20)1/2
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From this formula we find that the density

dP(u < y|F)
dy

p(y, X;t) =
admits the representation

p(y) exp{yM; — u?(M)/2}
0 p(y) exp{yM; — u2(M)¢/2} dy

p(y, X;t) =

We have

E(u| 7) = |

0o, 00 2
yp(y,X;t)dy—U yp(y,X;t)dy> :
O O

consequently, with p(y) = €_y2/2/\/27'(', we find
My

XN —
any  DwlFE) =

E(u| i) =

1+ (M)
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So,

1
inf Eler + |u—d|?] = me ct + : (%)
6=(7,d) | | 1+ <M>7'
Here (M), = C3t>(1-H) which together with (x) shows that
optimal stopping time 7* is deterministic. (This value can easily
be found by minimizing the function ct + 1/(C3t2(1—H)) )
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II. Sequential distinguishing between hypotheses

We observe a random process

Xt=ut+BtI

T he classical Wald problem deals with distinguishing between
two simple hypotheses Ht: = p+ and H: u = p~ under assumption

p(w) € {ut,u}.

More complicated cases:

Chernoff’s problem on distinguishing between compound hypotheses
HT:p >0 and H:p <0 under assumption p ~ N (pg,08).
(Chernoff, Brickwell, 1961—-1965; Zhitlukhin, Muravlev, 2011-2012)

Problem on distinguishing between three hypotheses HT: o=
pt, HO: p= 1O H—:p = p~ under assumption p(w) € {ut, u0 pn=}.
(Zhitlukhin, Shiryaev, 2011)
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II.1. Chernoff’s problem

We observe a random process

Xt = pt + By,
where p ~ N (pg,03) does not depend on B.

Bayesian risk:

R(r,d) = E[er 4 k|u| H{d # sgn (u)}] |

where d is a F2X-measurable function taking values +1:
if d = +1, then we accept the hypothesis H1: > 0
if d = —1, then we accept the hypothesis H™: u < 0.

Quantities ¢, k > 0 are given constants.
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In a remarkable way, the Chernoff problem reduces to a problem
on optimal stopping of the absolute value of Wiener process.

For fixed pgp and 08, introduce a process W = (Wy)<1,

Wy = 00(1 - t)Xt/Jg(l—t) - t:uO/O-O

where W is defined as the limit of W, as t — 1.

One can prove that W is a Wiener process,
EW; =0, EW2 =t and Wy = 0.
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The theorem below shows that to find an optimal decision rule
in the initial problem

(incfi') R(7,d) = ing;’ Eler + k|p|T{d # sgn (u)}] (A)
it suffices to find

2
V:“’an-o — Il’lf E

0E |y~ Wrt /ool (B)

(This “Vig,oo-Problem”™ was widely propagandized by L. Shepp
and A. N. Shiryaev as an interesting nonlinear optimal stopping
problem for Brownian motion, independently of Chernoff’s problems.)

In the sequel we assume without loss of generality thatec =k = 1.
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THEOREM

1) Let 75 be an optimal time in problem (B).
Then optimal decision rule (77}, d%) in problem (A) has the form

* TE * 2
= , d* = sgn (X« + ug/o?).

2) Optimal time 75 in problem (B) has the form

75 =inf{0 <t <1:|Wt+ pg/oo|> aoq(t)},

where aq,(t) is a nonincreasing function on [0, 1] such that as,(t) >
0 for t <1 and asy(1) = 0.
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THEOREM (continued)

3) Function asy(t) is a unique continuous solution of the integral
equation

G(1—t,a(t)) 1 2
1—t _/t 08(1—3)2X
a(s) — a(t) —a(s) — a(t)
. [CD( Vs —1 >_¢< Vs —1 )]ds
in the class of functions a(t) such that a(t) > 0 for ¢t < 1 and
a(l) = 0.

Here function G(t,x) is defined in the following way:

G(t,a:)Z\/iEgo(%)—%cb(%), t>0, xekR,

where p(x), P(x)is are standard normal density and distribution
function.
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REMARK

Chernoff has considered the process X{ = Xt_l/ag -+ uo/ag,
which satisfies the equation 0

X/
dX| = Ttdt + dB), t>1/03,

with some Brownian motion B’.

Then the optimal decision rule in problem (A) is obtained by
finding the optimal time 75 in the problem

V/(t,2) = inf Egalr — G(7, X7)] (©)

for t = 1/08, xr = ,uO/ag.

Optimal times 7% and 7} are connected by 7% = 75 — 1/03.
Optimal d¥% equals sgn (X..).
C
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REMARK (continued)
Optimal time 75 = 75(z,t) in problem (C) is
& =inf{s >t 1 [ Xg|>~(s)},

where ~(s) is a certain strictly positive function for ¢t > 0 (which
does not depend on parameters g, 0p.)

From the construction of processes W and X’ we find that

v(t) = oot - asy(1 — 1/(08t)), t>1/03.
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NUMERICAL SOLUTION

S S
F F
T T
I I I I I I I I I I I I
0.0 0.2 0.4 0.6 0.8 1.0 0 1 2 3 4 5
Boundary ag,(t) for og = /2 Boundary ~(t)
in Problem B in Problem C
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PROOF of the THEOREM

Step 1 (reduction to problem for Wiener process).

It suffices to consider decision rules (7,d) with ET < co. For any
such rule we have

R(r,d) = E[r + E(u~ | F){d = +1} + E(u™ | F1){d = —-1}].

Thus, we need to find time 7 which minimizes the value
&(r) = E[r + min{E(u™ | Z»), E(u™ | F)},
and to put
o L BT | Fp) BT
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By the normal correlation theorem,

E(1) =E[r + G(r + 1/03, X7+ po/03)]

where G(t,x) is the function
1
Vt

already introduced above.

||
t

(/D) — (= |2]/ VD),

G(t,x) =

The innovation representation for X implies

Xt + po/o?
t+ 1/08
with Brownian motion B; = X; — [EE(u| Fs) ds.

dXy = E(,LL | ft) dt + dEt = dXy =

In particular, X is a Markov process.

dt + dB;.
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Direct calculations yield

Z12|G( z) + |z|/2t] =0 I

:13—|—,u0/08. 0 1 92

t+1/05 Ox 20z2

where

o0
o%ﬁ,x:a‘l‘

Then for any stopping time 7, Er < oo, by applying the Itd
formula to the expression

E(r) =E[++G(r+ 1/08,XT + mo/ag)],

we find
X, 2 1
@@(7')=E 7__| +mO/ZO| _I_G —, m_QO |m0|
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Also by direct calculation we get that

X 2 _
the process M; = -t +mo/o5 ™o is a martingale.

O'O(t—l—l/O'(%) o0

Using a change of time, we find that

the process W; = Mt/o_g(l_t) IS a Brownian motion.
0

Then for any stopping time 7 such that Er < co we have

oo 2
&(r) =k — |Wrs + po/ool| + ......
where ...... IS the deterministic part which does not depend on T,
T IS a stopping time associated with 7 by the formula
2
0-07_
TB = :
B 14 087‘
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Thus, to find optimal decision rule (73, d%) in the initial problem
of distinguishing between HT and H~ it suffices to find optimal
time 75 in problem

2

Vio,00 :T”%qE 08(1 — ) — [Wr 4+ po/ool (B)
and to put
Hi= B dy=s0n (X, + po/oB).
08(1 —T5) B
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Step 2 (analysis of the structure of the optimal time in problem
(B)).
For the solution of problem (B) consider the value function

2/0? 2/0?

V(t,x) = inf E — |Wr + x| ¢

7<1-t |1—(741)
letting V(1,2) = O for all x.

One can prove that V (¢, x) is continuous, and optimal stopping
time has the form

™ (t,z) =inf{s>0:(s+t,Ws+2x) & C},
where C' is the set of continuation of observation:
C={=):V(tz) <—|z|}

(—|x| is @ gain from instantaneous stopping).
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Analyzing the structure of V(t,x), we establish that

C = {(t,w) Tt e [O, 1), |=’E|< a(t)} Ia

where a(t) is some nonincreasing function on [0,1] such that
a(t) >0 for t <1 and a(1) = 0.

Moreover, one can prove that a(t) is continuous on [0, 1].
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Step 3 (integral equation).

Using the general theory of optimal stopping, one can prove that
V(t,z) solves the following problem for the operator .Z; ,:

( . 2/08
D%f,xv(ux) - _(1 . 8)2’ |CI3|< a“(t)7

| 0) = —san (@), @ = +a(t),
ox

|V (t,z) = —|z|, z|> a(t).

Applying the Itd formula gives
EV(I,Wi_;4+z) =V (tx)

1
+ /t o%’xV(S, Wi_s+x) - I(|W1_s + z|# a(s)) du.
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Using equalities V(1,x) = —|z| for all x € R,
LV (t,x) =0 for |x|> a(t), we get

2

_ )QP(|W1 s+ CC|< a(s)) ds.

Vi) = EWitalt [ a

Using equality V(t,a(t)) = —a(t), we find

W1t + a0l —a() = [ (2/“0 P(IWi_s + a(®)]< als)) ds,

which, after calculation of E|...| and P(...), turns into the required
equation.
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Step 4 (uniqueness of solution of the integral equation).

Proof follows the method of:

P.V.Gapeev, G.Peskir. The Wiener disorder problem with finite
horizon (Stochastic Process. Appl. 116:2 (2006))

G.Peskir, A.N.Shiryaev. Optimal stopping and free-boundary problems
(Birkhauser, 2006)
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I1.2. Distinguishing between three hypotheses
We observe a random process

Xt = ut + By,

where p is a random variable, which does not depend on B and

takes values mg, m1, mo with probabilities 79, =1, =2.

R(7,d) = E[er + W (p, d)] I

where ¢ > 0 is a constant, W(u,d) is a penalty function:

W(m’umz) = 0, 1 =0,1,2,
W(m27mj) — Q45 1,7 =0,1,2, 7’#]7

Bayesian risk:

with a;; > 0.
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For simplicity, let m; = -1, mg =0, my =1, a;; =1, 7' = 1/3.

Introduce the process of a posteriori probabilities ©* = (7});>0:
T =P(u=m; | F), i=0,1,2.
Then for any decision rule (7,d), R(7,d) takes the form

R(r,d) = Ex [CT + 1 - Zw;i.]l{d = ,uz}}

Consequently, we must find a time 7* which minimizes

Ex[cr + 1 — max{n8, =i, n2}] I

and define d* by the formula

d* =m;, Wwhere i=argmax;nL
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Our problem reduces to the problem of optimal stopping of
the observed process X.

From the innovation representation for X we obtain

dX; = E(u | F{*) dt + dB;,

where By = Xy — [§E(u | F&) ds is a Brownian motion.

The properties of conditional expectation vield
1

E(u | F¥) = porf + p1mi + ponf = nf — mf-
Calculating 7! by means of the Bayes formula gives
_ e—t/Q(eXt . e—Xt)

14 e t/2(eXt 4 e=Xt)

Xt dt + dBt.
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Thus, the problem

infrE[er 4+ G, nl, 72)]
with

O 1 _ 2N _ +i 1 2 0 2 0 1
G(ny,mr,m5) = min{n; + n%, n; + 75, n- + 77}

IS replaced by the problem

infrEler + G(7, X7)] I

min(e* + e %, 1 4 €%, 1—|—e_w)
1+ e_t/Q(ex + e=7)

with

G(t,x) =
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Following the general theory, introduce the value function in
problem

V(t,z) = ir;f E¢ wlem + G(7 + ¢, Xy41)]
Optimal stopping time is

T(t,x) = ir;f{s >0:V(t+sXiys) =G+ 5, X44)}

Now we characterize the set of continuation of observation

C=A{(t,z) :V(t,x) <G(t,z)}

for “large’” t.
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THEOREM 1 (qualitative behavior of stopping boundaries)
There exist Tp > 0 and functions f(t), g(¢t) such that the set

CZTO = {(t,m) eC:t>1Tp}
admits the representation

Cory = {(t,) : t = To and |z|€ (9(t), F(1)) .
Functions f(t) and ¢g(t) are such that

f&) =t/2+b+0@™), gt)=t/2—b+0(e),
where the constant b is a unique solution of the equation

el —e b4 2p= 1/(2c¢).
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OPTIMAL STOPPING BOUNDARIES

T
F(t)
(@)
Hg
0t
’ \ |
S S —g(®)
—f(t)

The set of continuation of observation has the property
Cs1y = {(t,2) : t > Tp and |z|e (g(t), F(D))}.
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THEOREM 2 (integral equations)

For all ¢ > Ty stopping boundaries f(t), g(t) satisfy the system
of integral equations

¢ [T K@ s £(),9()ds = [T Ka(f ()t s)ds
o [T Kilg(®)t5, 1().9())ds = [ Kalg(t),t.s)ds

where function K1 and K- are defined by

_ 2P i (f—z—pi(s—1)) —Ps 1 (g—x—p;(s—1))] pr(z—p;t)
K]_(CIJ,t,S,f,g) - Zj@t(w—ﬂjt)

_ > ps—t(pi(s—t)—s/24x) pi(z—p;t)
Ko@) = o e S el

where o;(y) = A=/ and &,(2) = [Z @r(y)dy.

2nr
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Part II.
Disorder problems in Model B
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Introduction

We consider a Brownian motion with disorder X; = (X;):>0
given on a probability space (2,.#,P):

Model B: | X; = u(t—0)1t + B, I

or, in differentials,

dX, = dBy, t <0,
udt +dBy, t>0,

where B = (B);>0 is standard Brownian motion,
0@ > 0is a random variable (disorder time, change-point),
w7 0 is a known constant.

The general problem consists in finding a stopping time = which
would be adapted to filtration (J—“ff)tzo and ‘close” to 6.
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Example

In the graph below a disorder occurs at 8 = 0.5 and u = 4.

1.0

0.5

0.0

0.0 0.2 0.4 0.6 0.8 1.0
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Recall that standard Bayesian setting of the disorder problem
is based on the following assumption (Shiryaev, Optimal stopping
rules):

0 ~ exp(A), 6 does not depend on B.

There was considered a problem of minimization of both the
probability of a false alarm and average delay time:

Vi =inf [P(r < 60) 4+ cE(r — 0) ] (¢ > 0).
It turned out that optimal stopping time has the form
1 ={inft>0:m > A}, A1 = A1(\, 0),

where m = (m);>0 IS the process of a posteriori probabilities:

T = P(0 < t| F).
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To the problem V7 one can reduce a problem of minimization of
the average time “miss’’:

Vo = infE[r — 0.

Optimal stopping time for V5 has the form

TSZ{inftZO Iﬂ'tZAQ}, As = A1(\N).
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T he presentation below concerns the following
THREE DISORDER PROBLEMS:

e Problem of disorder on finite intervals
M. Zhitlukhin, A. Shiryaev. Bayesian problems on disorder on filtered
probability spaces (TPA, 2012, no. 3);

e Problems of optimal stopping of Brownian motion
with disorder on an interval
M. Zhitlukhin, A. Shiryaev. Problems of optimal stopping for Brownian
motion with disorder (TPA, 2013);
A. Shiryaev, M. Zhitlukhin, W. Ziemba. When to sell Apple? Trading
financial bubbles with a stochastic disorder model (2013);

e Problem of disorder when 6 depends on B
A. Aliev. Towards a problem of detection of a disorder which depends on

trajectories of the process (TPA, 2012, no. 3).
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I. Disorder problem on finite intervals

We observe a process X = (X¢)¢>0,

X¢=p(t -1+ B

Y

where 6 is a random variable which does not depend on B and
is UNIFORMLY distributed on [0, 1].

We consider the following problems:

vi=inf P(r < 0)+cE(r —0)T],

Vo = inf E|T — 0]|.
2= Inf |7 — 0
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The key point to solution of problems V7 and V5 is reduction to
Markovian problems of optimal stopping.

Introduce the Shiryaev—Roberts statistic ¢ = (¢¢)>0:

t
wt o e,LLXt—,LLQt/2/ e—,lLXS—I—,[LQS/Q dS,
0
or, in differentials,

dipy = dt + pypy dXq, Yo = 0.

Process ¢ is related to process of a posteriori probabilities
e = P(0 < t| F{*) by the following formula:

(1—1).

Py =

1—7Tt
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Lemma

The following representations hold:

= o e [ [ (e — ad
Vi=inf B [ (evs — 1) ds| +1,

Vo = inf E® :/OT(% e —s))ds] |

7<1

where E°°[-] stands for the expectation in absence of disorder
(i.e., when X is a Brownian motion).

Proof is based on the following equalities:
E(r —0)T = E® [[Fusds],
P(r<60) =1—-E>T,
E(r —6)” = E®(1—1)?%/2.
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Proof of the lemma

1) Rewrite the average time of delay E(+ — 6)*:
1
E(r —0)t =/O E[(r —w) V|0 = u] du
_ [ 1E]I( <71)|0 =u]d
— /O /u [I(s < 7)|0 = u] ds
1,1
= /O / E[I(s < T)e“(XS_X“)_“Q(S_u)/Q] ds

— / ! / e (Xs=Xu) = (s—u)/2 g
0O JO

= /OszSds.
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2) Rewrite the probability of a false alarm P(7 < 0):
1
P(r <0) :/O P(r<ul|0 =u)du

1
:/O P (r < u)du

= E>*r

3) Rewrite the average time after a false alarm E(r — 0):

E(T—Q)_=/01E[(7'—u)_|«9=u]du

1 —
:/O E°(r —u) ™ du
= E®(1 —1)%/2
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Thus, for the initial problems

%) anéni [P(T < 0) 4 cE(r — 0) ] , Vo Turén; E|r — 0
we got the representations

U L ]
Vi=infE _/O(cws 1)ds| + 1,

V = inf £ I (zps—(l—s))ds],

where 1 has the differential

dlbt = dt _I_ /,L’l?bt dXt7 ,‘700 — 07

and X; is a Brownian motion w.r.t. P°°.
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Introduce functions f1(t) = 1/c and fo(t) =1 —t.

T heorem

Optimal stopping times for V7 and V5 are

TP =inf{t>0:vY > af(t)} N1, i=1,2

where a7 (t) is a unique continuous solution of the equation

/tl o [(¢8 — fz(S))H{@bs < af(s)} ‘ ’gbt — a,;k(t)} ds = 0,

satisfying the conditions

a; (t) > fi(t) for t <1, a; (1) = fi(1).
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Theorem (continued)

Values V7 and V5, are given by
1
vy = /O E (ctps — 1)[{aps < a(s)}ds + 1,
1
Vo= [ E®[s— (1 - 9)]I{vs < a3(s)}ds.
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Proof of the theorem

For the solution of the problem, consider the value function

Vi(t,z) = inf EX [/()T(@bs—fi(t—l—s))ds, i=1,2.

7<1-—t
where ES°[ -] stands for expectation under assumption g = =x.

One can prove that V;(¢,x) are continuous, and optimal stopping
times have the form

7 (tz) =inf{s > 0: (t+s,9s) € Ci},
where C); is the set of continuation of observations:
C = {(t,x) : Vi(t,z) < O}

(here 0 is a gain from instantaneous stopping).
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Analyzing the structure of functions V;(¢,z), we establish that

C; ={(t,x) :t€[0,1), x < a;(t)},

where a7 (t) are unknown nonincreasing functions on [0, 1],
at that a;(¢t) > f;(t) for t <1 and a;(1) = f;(1).

One can prove that a;(t) are continuous on [0, 1].
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One can prove also that V;(t, x) solves a free-boundary problem

(Vi(t,z) + 2,V (tx) = fi(t) —z,  x<a(t),
V(t,z) =0, x > a;(t),
V(t,z—) =0, x = a;(t),
| Vz—(t,2) =0, r = a;(t),
where
plx? 92 9
$¢ - 2 0x2 T o’
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Applying the Itd6 formula to V;(s,vs), we get
EXV(L41-4) = V(¢ )
FES [TV A LI+ 5,0) 1 < alt +9)) ds
Since V;(1,-) =0, and V;(t,x) =0 for x = a;(t), we find

1t
V(ta) =X [ V) + LI+ 5,00) - s < alt +5)) ds,
which gives, after substitution of [V/+ .2, V](t,z) = f;(t) —z, the

required equation.

Proof of uniqueness of solution of the integral equations is
given in (Zhitlukhin, Shiryaev, TPA, 2012).
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Numerical results

Integral equation

/tl E| (s — fi()) s < af()} | v = af(®)]ds =0 (%)

can be solved numerically by ‘“backward induction’:

1. Fix the partition O =t <t; < ... <tp = 1;
2. Take a;(tn) = f;(1) (by the theorem);
3. If a;(tg),...,a;(tn) are calculated, then we find a;(t;y_1) by

e calculating integral ft}{;_l in (x) with stepwise function equal to
a’(-) in points tg,...,t, and
e solving the resulting algebraic equation w.r.t. a7 (tx_1).
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Example

For u = 4 consider the problem

Vo = inf E|7 — 6]|.
2= [nf |7 — 0

C‘S —]

\ \ \ \ \ \ < \ \ \ \ \ \

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 04 0.6 0.8 1.0
process X, 6 = 0.5. process vy and boundary a%(t).
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II. Optimal stopping of process with disorder

We observe Brownian motion with disorder (X;);>o:

dXy = [p1l(t < 0) + pol(t > 0)] dt + o dBy

where 6 ~ U[0, 1], u1 > 0 > uo (in case of long position), ui <
0 < uo (in case of short position), o > 0 (drift changes from puq
to uo). We restrict our analysis to the case of long position only.

Below we consider problems of optimal stopping:

H; = sup EX, Hy = sup Eexp(X; — 0°7/2).
7<1 7<1

Earlier problems of such type were considered in (Beibel, Lerche,
1997), (Shiryaev, Novikov, 2008), (Ekstrém, Lindberg, 2012).
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Application in mathematical finance

Let the price of an asset be modeled by geometrical Brownian
motion with disorder S; = exp(X; — 02t/2):
dS; = [p1l(t < 8) 4+ pol(t > 0)]S; dt + oSy dBy, So =1,

i.e., the price in average grows up ‘‘till'’ time 6, and falls down
“after’” 6.

Problem Hj consists in maximization of logarithmic utility of
selling asset:

Hy = supE(log Sy), [ans pf = p; — 0°/2].
7-_

Problem Hjy; consists in maximization of linear utility of selling
asset:

HII = Sup EST
7<1
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Solution of the problem H;

Since X; = p1t—+ (uo—pu1)(t—0) T +oB;, we have for any stopping
time 7 <1

EXr = E[uym — (u1 — p2) (7 — 6)T1.

Denoting p = (u1 — po) /o and X = (X; — uqt) /o, we find

~ t ~
Y = e_“Xt_“Qt/Q/ M Xstu?s/2 g
0

Analogously to the result above,
T
Hy = supE™ U (p1 — (u1 — p2)vs) ds|
<1 0

where E°°[-] stands for expectation under assumption that X is
a standard Brownian motion.
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T heorem

Optimal stopping time in problem Hj is

r=inf{t >0 >af(t)} N1

where a;(t) is a unique continuous solution of the equation

1
B [(u1 = (i1 = i) I(8s < aj () | = af (®)] ds = 0,
satisfying the conditions

Pl fort <1, af(l) = 1+
i — po i — po

The value Hy = EXTZ* can be found by the formula

ay (t) >

Hy= [ Bl — (i~ m2)li(0s < af()) ds,
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Solution of problem Hy

We introduce a new measure P such that
(X; — ot) is a P-Brownian motion,
where X = (Xt — pit)/o.

We establish that for any stopping time 7 <1

~ dP ~
EPST — EP [ST X d?’r] — EP [Q'LL]'T(??DT _I_ 1— 7-):|,

-
at that process ¢ has differential

dipy = [1 — (u1 — po)be] dt + by d( Xy — ot), Yo = 0.

Applying the Itd formula, we get

EPs, = EP [/O 15 (pops + pp (1 — 8)) ds] +1
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T heorem

Optimal stopping time in problem Hiyg is

Ty, =iInf{t >0 > ag(t)}

where ag(t) is a unique continuous solution of the equation

1 ~
7P [uotbs + 1 (2 = ))I(ws < a()) |9 = ag(®)] ds = 0
satisfying the conditions

at(t) > |“—1|(1 _t) fort < 1, ai(1) = 0.
U2

The value Hjp = ESTQ* van be found by the formula

1 ~
Hy = [ EPluots + pa(1 = 9)M(s < aj(s)) ds + 1.

Y
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Example

Consider problems H; and Hy for 1 = —pup =2, o = 1.

\ \ \ \ \ \ A \ \ \ \ \ \
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
process S¢; 0 = 0.5. Y and boundaries aj(t), aj(t).
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III. When to sell Apple?

Let us apply our results to problems of mathematical finance
based on real asset prices.

Consider two “bubbles’” on financial markets:

e Increase of prices of Apple assets from 2009 to 2012.

e Increase of prices of Internet companies assets at the end of
1990’s.

Problem consists in choosing optimal time of exit from “bubble”
with maximum gain.
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REMARK. The basic idea of bubbles is that there is a FAST
rate of growth in prices, then PEAK, and then a fast DECLINE.
There are several papers of Robert Jarrow and Philip Protter
(see, e.g., SIAM J. Financial Math., 2 (2011), 839-865), where they
developed the “martingale theory of bubbles’. Their analysis is
based on idea that prices of bubbles behave similarly to the
path behavior of the ‘strict nonnegative continuous local
martingale’. A typical path of such processes is to shoot up to
high value and then quickly decrease to small values and remain
at them. Jarrow and Protter proposed some ‘'stochastic volatility
models’, saying that appearing of bubbles in prices relates with
increasing of the volatility.

Our analysis of bubbles is based on idea of work with drift terms
(increasing/decreasing).
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Example 1. Increase of Apple asset prices

In 2009—2012 prices on Apple assets grew up in almost 9 times.
Minimum equals $82.33 (6/03/09), maximum equals $705.07
(21/09/12).

However, already on 15/11/12 the price fell down to $522.62.

|

|

|

The fall down at the end of
2012 was expected already
at the beginning of the year.

|

|

100 200 300 400 500 600 700
|

|

0
L

[ ' I ' I ' I ' I
2009 2010 2011 2012 2013
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Setting of the problem of optimal exit from “bubble’”’

Agents on the market might not be aware of existence of a
probability-statistical model of price evolution.

From their point of view, the question considered sounds as
follows:

1. One observe a sequence of prices

Py, Py, ..., Py,
where Py is price on 6/03/09 and Py is price on 31/12/12.
2. One expect prices to fall down at the end of 2012

3. For a given date ng < NN of buying asset, one wants to find a
time of selling it which would maximize the gain.

II-31




Representation of observed prices by process with disorder

1. We project dates ng,..., N onto the interval [0, 1], since one
market day has length At =1/(N — ng).

Assume that prices are modeled by process

dSy = [p11(t < 0) + pol(0 > t)]S¢dt + oS, dBy,
where Spay = P,/Py and 6 ~ U|[0, 1].

2. Parameters p1 and o are estimated from data F, ..., Pn,;.

The choice of uo is subjective but uo = —uq is proved empirically
to be good (one can see it from other cases).

3. Then one applies results on solution of the problem of maximization
of ES-.
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Results of choice of time for selling Apple

Buy Sell

3-Jan-11 ($329.57) | 9-Oct-12 ($635.85)

1-Jul-11 ($343.26) | 8-Oct-12 ($638.17)

3-Jan-12 ($411.23) | 8-Oct-12 ($638.17)

1-May-12 ($582.13) | 9-Oct-12 ($635.85)

3-Jul-12 ($599.41) | 9-Oct-12 ($635.85)

1-Aug-12 ($606.81) | 11-Oct-12 ($628.10)
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Results of the work of our method in case when assets were
bought on 3 January 2012.

On the left are prices (red point = time of selling).
On the right are statistic ¢ and optimal stopping boundary.

400 450 500 550 600 650 700
\

1T 1T "~ T 7T 7 T "1 \ \ \ \ \ \ \
Jan Mar May Jul Sep Nov Jan Jan Mar May Jul Sep Nov Dec
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Example 2. Rise of NASDAQ index

e From the beginning of 1994 till March
2000, NASDAQ-100 grew up in more
than 12 times, from 395.53 to 4816.35.
Then it fell down in 6 times, to 795.25,
by October 2002

e For example, the Soros Foundation
has lost $5 bln. of $12 bin.

2000 3000 4000

1000

I
1994

\
1996

\
1998

\ ‘ \
2000 2002
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Results of choice of time for selling NASDAQ-100

Buy Sell
2-Jul-98 ($1332.53) | 12-Apr-00 ($3633.63)
4-Jan-99 ($1854.39) | 13-Apr-00 ($3553.81)
1-Jul-99 ($2322.32) | 13-Apr-00 ($3553.81)
1-Oct-99 ($2404.45) | 14-Apr-00 ($3207.96)
3-Jun-00 ($3790.55) | 14-Apr-00 ($3553.81)

Results are obtained under assumption that prices begin to fall
down before the end of 2001 (this was really expected by most
traders).
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IV. Disorder depending on the process trajectory

One consider process X = (Xt)tZOr

Xy =p(t—0)T 4+ By

Y

where B = (B);>0 is standard Brownian motion,

6 > 0 is an exponentially distributed random variable with
local intensity \; = \(X}),
@ > 0 is a constant.

we consider the problem

V =inf[P(r < 0) 4 cE(r — )]
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How one can construct a process X;?
Let B; be Brownian motion given on a probability space (X2, F, P).

Consider an extended measurable space (', F):
Q' =Q xRy, F'=F® BRy),
and define a measure P/ on this space by
P/(A x (t.00)) = EP [I(A)e JoX(Bo)ds| 4 ¢ F)
Let 8(w,s) = s, then HY>XHO 3a4aTb

X; = p(t—0)T + By
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Solution of the problem

Our problem
V =inf |P(r < 0) 4 cE(r — 0) ]

can be reduced by standard methods to the following optimal
stopping problem for the process m = P(8 < t|F*):

V= ir;fE[(l—m)nLc/OTWst]

One can prove that the pair (X, w) form a Markov process which
satisfies the system of equations

dX; = pmt + dWy,
dry = M X)) (1 — mp) dt + pmy(1 — mp) AW,

where W is an innovation Wiener process.
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Following the general theory, we introduce value function

V(z,m) = ir;f Exn [(1 — ) + C/OT s ds] .

Then optimal stopping time has the form

™ =inf{t > 0: (X4, m) € C}

where C is set of continuation of observations:

C={(x,7):V(z,7m) <1l—m}.
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Numerical calculation of the value function

It is convenient to introduce process r = (r¢)¢>0:

re =log(1/m — 1) + pXy & m = (1+exp(ri—uX)) *.
One can prove that pair (X, ) satisfies the equation
dX; = pmt + dWy,
dre = (p? — XN(Xy) /mp)dt,

where 7 = 7w( Xy, r4).

To calculate the value function numerically, we cover the domain
E={(x,m) |x|[< M, e<m<1—¢€}

by a lattice with step M/K in x and 2log(1/e —1)/N in r, the
process (X,r) is approximated by random walk over points of
this lattice.
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In discrete problem for fixed M, ¢, N, and K, we introduce the
value function

]
VAe,r) = inf Enr |1 = mi+c [ mods|

From the general results it follows that

Vi(z,r) = lim Q"G(z,r)

where G(x,r) =1 — w(x,r) and operator @ is given by

Qf(x,r) = min{Esyrf(X1,71) + cAt, f(z,7)},

where At = At(x,r) is time which the process passes in point (z,r).
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Example

We solve the problem with parameters u=c=1, \(z) = zT.

P P P P P P P P
M W R g Yh o v L
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Figure shows stopping boundary in coordinates (z, ).

I1-43




