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The multiple regression model:
vi=Bxitei=pu+a'z+e,i=1,...,n

where ¢; is independent of (xi,...,x;,€1,...,€&-1) with finite variance,
distribution function F, density f, and derivative f, E(e,-) need not be zero
The regressors: deterministic, or stochastic; stationary or random walk
M-estimators: The objective function R,(B) = n Y71 o(yi — B'xi), p
continuous, "increasing", p(u) > 0 with right and left derivatives. The
minimizer is an M—estimator. Leading case Huber-skip

o(v) = %min(v2,c2)

The project: To find a first order asymptotic expansion of a general class
of M-estimators

The technique: We apply martingale techniques to study weighted and
marked empirical processes
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The Huber-skip estimator

The Huber-skip suggested by Huber (1964) is a special case of an
M-estimator chosen because of its robust properties.

n
1
Objective function : n~! Z 5 min{(y; — B'x;)%, ¢}
i=1

n
Score function : n~* Z(y,- — ﬁlxi)xi/l(|y,-—/3’x,-|§c)
i=1

The asymptotic properties are given by Jure¢kovd, Sen, and Picek (2012)

for the location model, but only few results has been given for regression

Why Huber-skip 7
1. Difficult to computation 2. Requires known scale 3. More robust
estimators exist 4. The mathematics too difficult
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Least squares: p(v) = 3v?
Quantile regression: p(v) = —(1 — p)v1(, o) + pvi(,>0)
Maximum likelihood: p(v) = —log f(v)

Huber-skip: p(v) = % min(v2, c?)

Some literature:

@ Huber, P.J. (1964) Robust estimation of a location parameter. Annals
of Mathematical Statistics 35, 73-101.

e Maronna, R.A., Martin, D.R., and Yohai, V.J. (2006) Robust
Statistics: Theory and Methods. New York: Wiley.

@ Huber, P.J. and Ronchetti, E.M. (2009) Robust Statistics. New York:
Wiley.

@ Juretkova, J., Sen, P.K. and Picek, J. (2012) Methodological Tools in

Robust and Nonparametric Statistics. London: Chapman &
Hall/CRC Press.
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Main results

A few definitions
Ro(B) = n~' XLy p(yi — B'xi), En = N' Ly xix{N = Op (1),
h(ﬂ) = E(p(e—n)) = h(ﬂp) for all 1, h(p,) =0,

=~ [plu—p,)F(u)du >0, B, = (uo+ p, ap)’
Theorem 1 Under Assumpt/ons, a minimizer B of R,(B) exists with large
probability and N~'(B — B,) = Op(n'/?)
Theorem 2 Under more Assumptions, N~ (B — B,) = Op(nt/271) for
0<ny<1/4
Theorem 3 Under still more Assumptions, N~ (B — ﬁp) = Op(1) and has
a first order expansion

N

NTHB = By) = hlpy) 2, N ixip(s,- — 1) +op(1)

i=1
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The results for the Huber-skip

For the Huber-skip for symmetric density and stationary regressors:

h(0) = F(c) — F(—c) —2¢cf(c)

nt2(B—By) = h(0) 1L, a2 Y xi€il (e )<c) +op (1)

i=1
c
n2(B— By) 2 h(0) ™ Naim (0, /_Cu2f(u)duzfl>
random walk regressors:

[nu]

-1/2 D —1/2 We
Xy = Wa(u) 281|e\<cﬁ :

n(B—Bo) > / W) [ Wiy
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1-step estimators and their iteration

Score function: n~! 22’:1 (yi — ﬁ'x,-)x’l (lyi—B'x;|<c) = 0 is difficult to solve.
Take some estimator B and solve n™1 Y7, (y; — ‘B/x,-)x,fl(‘y__ﬁl <0 =0

G p
n

_ 71 o

= ZXIX 1 X,|<c -Z;XIEI]-(\Y:‘—B/X"‘SC)
i=

1 ol o 2cf(c) y
WZ“EWW FRE o BB e

lterating to oo when 2¢f(c)/(F(c) — F(—c)) < 1 gives the expansion of
Huber-skip

1
F(c) — F(—c )—2cf(c)Z ZX/“ jer]<e) +0p(1)

(B~ p) =
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Condition for fixed point
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A condition for the central part of the distribution to be
non-trivial, and a fixed point in the iterated 1-step
estimator

2cf(c)

F(c) — F(—c) —2cf(c) >0 or FO—F(=o) <
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The asymptotic theory for non-smooth objective function

Tightness

Theorem 1 Under Assumptions (x; stationary), a minimizer B of R,(B)
exists with large probability and B — B, = Op(1)
Proof Let A = [f— B [ and 6 = (B—p,)/|p — B,| and
p(x) = $min(x?, c2),
If [6'x;| >a>0,|e] <Aand A > (c+ A+ [1,1)/a, then
plyi — B'xi) = 3¢%:
vi—Bxi = & —(B—B)x —p,=e—Axi—p,
lyi = B'xil > M| el = [u,l = Aa—A—|p,| > c

A lower bound for R,(B) is
n
n Y (i = X)L (e <a) (5 2a)
i=1
= 12—1&1 1 >12—1i{1—1 -1 }
= ¢l ,_1 (leil<A) 2 (j0'x]=a) = 51 & (leil=A) = *(]o'xi|<a)
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Tightness continued

Thus the objective function is bounded below for [ —B,| > (A+c)/a

=n Y plyi—B'x) = IZ Ljej>a) — L(jo'x|<a))
i=1
Now define F,(a) = supjs— n~ " L1y 1(|57x;|<2) @nd assume that for some
¢ > 0 and for all € > 0, there exist (ag, ng) such that
P(F,(a) <&)>1—¢€, n>ny, a< a.

"The fraction of small regressors" is bounded by ¢ with large probability.
Ra(B) — Ra(B,) is zero for p = B, and bounded below for
— BB, > <A+c+|yp|>/a.

_IZ{P —p(vi — Byxi — yp)}>—c (1-6-8) —h(p,) —3 > 0.

if we choose 0 < § < 1— (yp)/( c?) < 1. Hence a minimizer exists
with large probability and | — Bol < (A+c+p,l)/a.
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Examples of the F, condition for small regressors

For deterministic regressors: the condition F,(a) < ¢ is satisfied in the
examples
1. X;i = 1(j>[ng,]) then the frequency of zero values is n~1[ng,]

"y Ty - g 0<a<l
! 1;1(|5’Xf|§a):” lgl(ws@:" 1[n§o]—>{ Y 1s,

2. x; = (1,in71)" then F,(a) < 8a — 0, for (a,n) — (0, )

For continuous regressors, F,(a) 20, for (a,n) — (0,00) in case

3. If x; is a stationary AR(k), with density of &'x;|xi, ..., xi_1 uniformly
bounded (an example is Gaussian errors)

4. If x;n~/2 is a random walk with density of &'x;/ (nd’®5)/? uniformly
bounded (an example is Gaussian errors)
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The asymptotic theory for non-smooth objective function

Consistency

Theorem 2 Under more Assumptions (x; stationary),
nt/2(B—B,) = Op(n") for 0 <1 < 1/4.

Proof: Define h(p) = Ei—1p(ej — ) = h(u,),

h(‘u‘o) = 0' :Bp = (AuO +nup'“6>,

Ro(B) — Ro(B,)
= M (B) 4 é[h{(ﬁ —B)'xi+1,} — ()]

n

Ma(B) = ) Ap(ei—(B—B,) xi—p,) —plei —py)} — Eica(---)

i=1
We show that supjs_g |<p| n~M,(B)| = o(1), and assume
h(u) > h(]/lp) + min(e, (u — ;up)z), and show that

n U [A{AS X + = h(p )11 (5 5 = €(8'xi)?n~21(1 — Fa(a)) for
A>nT.
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The asymptotic theory for non-smooth objective function

Asymptotic expansion

Theorem 3 Under still more Assumptions (x; stationary), B has a first
order expansion

n'/2(p—B,) = hu,) ', WZx, — Hp) +or(1)

Proof: For p(u) = ulj,<c) we have p(x) = [; ¥(u)du. The same proof
works with R,(B) instead of R,(p)

W2 Ry B) — RulB))
= n V2 {M(B) — ME(B,)} + Y [h{(p— Bp)'xi + pyt = hlp,)16

M(B) = é{p(a — (B~ B,)'x — ,) — pler — 1) }x — Eaf.)

We show that for 0 < 7 < 1/4, SUP|g—p,|<Bn~| 12 |M:(B)| = op(1).
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The asymptotic theory for non-smooth objective function

Asymptotic expansion 2

The first order condition implies when we insert B and use that
h(yp) = —Ej—1p(ej — pu,) = 0 and n~12M*(B) = op(1) that

2y e —p)x = n 2 Y h{(B— B,)xi + X+ op(1)
i=1 i=1

= 2B B, 12x, xtYh(n,) + op (1)

i=
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The inequality of Bercu and Touati (2008, Theorem 2.1)

For a square integrable martingale M, :

n X2
P(|Mn| = x, ;{(AMI)2 + Ei_1(AM;)?} < y) < 2exp <_2y>
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Main martingale result

Let upi(x),x € K C R™, K compact, upi(xo) =0, 1 < i< n and define
the martingales with respect to a filtration F;

M, (x) = iuni(K) — Ei—1(uni(x))

Theorem Assume there exists r such that 2" > 2+ m, and 1 < p <27
and such that

n

n'Y E[ sup Eii{ sup  |uni(k) — uni(®)|P}] < n7?C

=1 k€B(x0,B) ®eB(x,Qn=?)
Then
sup  [n"tM,(x)] = op(1),
KEB(K(),B)
sup [n"Y2M, (k)| = op(1)for0<ny <1/2.

k€B(xo,Bn~)
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Verification of conditions for small martingale

For the Huber-skip we take p(u) = 5 min(u?, c2), p(u) = ul(, <)

lo(u) —p(v)| < clu—v|
[ul(uj<c) = Vi<l < lu—=v]+c(Lv—ci<ju=v)) T L(vrel<lu—v])

Define u,i(B) = p(yi — B'x;) — p(yi — ,B;x,-) implies
Ei—15UP|s_pj<gn-s [uni(B) — uni(B)| < Cn=?1x]
Define u,i(B) = {p(yi — B'xi) — p(yi — ‘B;)x,-)}xi/ implies
Eic1 sup  |upi(B) — uni(B)| < Cn™?|x;[* 4 Csup F(v)[n~?|xi?
|B—Bl<Qn~¢ v

Conditions for uniformly small martingales satisfied under moment
conditions on x; and a bounded density of &;.
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We have defined M estimators and in particular the Huber-skip
n
mﬁin Y min{(yi — B'x;)% ¢}
i=1

suggested some 50 years ago.

Using recent martingale results and a "new" definition of scarcity of small
regressors, we have proved tightness, consistency, and found an asymptotic
expansion from which we can find asymptotic distributions depending on
regressors.

The result hold for a wide class of regressors including some deterministic
regressors, stationary regressors, and random walk regressors.

The assumptions for the M-estimators include conditions for the objective
function p, the density f, and the regressors.

Johansen, S. and B. Nielsen (2013). Asymptotic theory of M-estimators
for multiple regression in time series. In progress.
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