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Main Goal of the Research

Classical/normal diffusion is described by a Gaussian process.

- Diffusion/Brownian motion

Is it possible to describe anomalous diffusion/fractional
diffusion with a stochastic process that is still based on a
Gaussian process?

- Time-fractional diffusion/grey Brownian motion (Schneider
1990, 1992)

- Erdélyi—Kober fractional diffusion/generalized grey
Brownian motion (Mura 2008, Pagnini 2012)

- Space-time fractional diffusion/present stochastic process
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The Space-Time Fractional Diffusion Equation
xD§ K 5(x: 1) = DL K 5(x; 1), KS 5(x:0)=0d(x), (1)

O<a<2, |0 <min{e,2—a}, (2a)
0<pB<1 or 1<p<a<2. (2b)

xDg - Riesz—Feller space-fractional derivative
F{D§ f(x)i v} = — || /2 f () (3)

¢D?: Caputo time-fractional derivative

m—1

c{mift);s} =s"T(s) - 3 7K O0"), @)
j=0

withm—-1<g8<mand me N.
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The Green Function K ;(x; 1)

Self-similarly law
0 (v.p) — +—Bla kb X
KLt t) = 77K (57 ) - (5)
Symmetry relation
Kap(=x:t) = K 5(x: 1), ()

which allows the restriction to x > 0.
Mellin—Barnes integral representation

19 /c+/‘oo rrg—49Hr( —gq) ( X )q dq. (7)
o—ics T(1 = BT (p )T (1 — pg) \t¥// =7

where p = (o — 0)/(2 «) and c is a suitable real constant.

0 . -
Ka’B(X' )= ax 2ri

Mainardi, Luchko, Pagnini Fract. Calc. Appl. Anal. 2001
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Special Cases: x >0

K£1(X; t)—\/;?te_xz/(‘”)—G(X; t):t_1/26<1_1%) 7 (8)

K 0at) = L0 ) = /d (472 ©)

K 5(x: 1) = %M5/2(X; t) = %t—ﬁ/%\//ﬁ/2 (w%) : (10)
] (x/)*" " sin[Z (o — )]

KeaXil) =~ T 50 coslB(a — ) + (e V)

K3o(x: 1) = 15(x —1). (12)

2
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Integral Representation Formulae for K? s(x: )

If x > 0 then

ﬁ(Xt)—/ 19 (x: 7)L (tT)TthT, 0<p<1, (13)
K y(x:t) = /LexT)Mﬂ(Tt) v 0<f<t, (14

5(X t)—/ a(XT) Mgy (mit)dT, 0<B/a<1. (15)

Mainardi, Luchko, Pagnini Fract. Calc. Appl. Anal. 2001
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Supplementary Results

From formulae (13) and (14) it follows that

1 _8 t _TB T
7 L <T1/ﬂ>_t1+5M’8(t5)’ 0<B<1, 7.t>0. (16)

From formulae (8) and (9)

K§1 (x;t) = G(x; 1) = L3(x; 1). (17)
From formulae (8) and (10)

K1(x:t) = G(x; t) = %Mvz(x; t). (18)
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Supplementary Results

Lg(Xt / Ly(x; L&) ds, a=n, O=wv, (19)

O<a<2, |0 <min{e,2—a},

0<n<2, |w<min{n,2-n}, 0<v<1.

In particular it holds
2060 = [ BeeoL e (20)
= / G(x; €)L,,72(& 1) de. 21)

Mainardi, Pagnini, Gorenflo Fract. Calc. Appl. Anal. 2003
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Supplementary Results

M, (x; t) = /0 M,(x; My (6 1) de . v =P,

O<vmp<1.

In particular it holds
Mgso(x;t) = 2/0 M j2(x; E)Mp(&: 1) d€
- 2 [ Gl .
0

Mainardi, Pagnini, Gorenflo Fract. Calc. Appl. Anal. 2003
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New Integral Representation Formula for K? ;(x; t)

Consider formula (14), i.e. K 5(x; 1) / L8 (x; T)Ms(7; t) d,
then and by using (19) it follows

kisat) = [ [T mwonrende} meor
_ /OOO L(x:€) {/OOO Lo¥ (& )My(: 1) dr} de

- [T moKgEnds azmw. o=,

O<a<2, |0 <min{e,2—0a}, 0<pB<T1,
0<n<2, |w<min{n2-n}, O0<v<1.
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New Integral Representation Formula for K? ;(x; t)

KE s(x:t) = /L‘“(xg K, 5(& 1) de, (25)

O<x<+4+0, a=nv, =wr,
O<a<2, |9 <min{e,2—a}, 0<p<1,
0<n<2, |w<min{n,2—-n}, 0<vr<1.

In the spatial symmetric case, i.e. n =2 and w = 0 such that
Lg = @G, hence v = a/2 and # = 0 and formula (25) gives

KO 5(x: t) = / G(x; €) K, /(& 1) de . (26)

—o<X<+00, O<a<2, 0<pg<.
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Special Cases: a=2and 0 < 5 < 1
From (14) it results that
Kilen = /0 Ly (6 7) My (1) dr

= /OOO (& — 1) Mga(T; t)dr = Mg(&; 1), (27)

finally by using (24)
Kut) = [ etk nds 28)

= | Gty Mide = GMy(xin).  (29)
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Special Cases: 0 <o <2and 3 =1
From (14) it results that
Kpien = [ Lo menor

_ /O TG o - D dr = LA,

finally by using (21)

K(xt) = K. t(& 1) de (31)

Am(xa
| ao LA nde= L. @
0
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Definitions in Stochastic Process Theory

Stationary stochastic processes: A stochastic process X(t)
whose one-time statistical characteristics do not change in the
course of time t, i.e. they are invariant relative to the time
shifing t — t + 7 for any fixed value of 7, and two-time statistics
(e.g. autocorrelation) depend solely on the elapsed time 7,
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Definitions in Stochastic Process Theory

Stochastic processes with stationary increments: A
stochastic process X(t) such that the statistical characteristics
of its increments AX(t) = X(t) — X(t+ 7) do not vary in the
course of time t, i.e. they are invariant relative to the time
shifting t — t + s for any fixed value of s,

(AX(1) =0, ((AX(1)?) =2[C2— R(r)]. (34)

Because R(r = 0) = C,, when R(r # 0) ~ C, — 72H it holds

(AX(1)?) =2[Cy — Co + T2H] =272, (35)
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Definitions in Stochastic Process Theory

Self-similar stochastic process: A stochastic process X(t)
whose statistics are the same at different scales of time or
space, i.e. X(at) and a"” X(t) have equal statistical moments

(X"(at)) ~ (at)™ = a™Mt" | (36)

([@"x)" ~ a™(x"(t)) = a™t™ . (37)

Hurst exponent H: The half exponent of the power law
governing the rate of changes of a random function by

([X(1) = X(0)]%) ~ 27 (38)
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H-sssi Stochastic Processes

H-sssi: Hurst self-similar with stationary increments processes

Example: The fractional Brownian motion, which is a
continuos-time Gaussian process Goy(t) without independent
increments and the following correlation function

(Gon(t)Gan(s)) = 5 1P +1sPH |t —s] . (@9)
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Product of Random Variables

Let Zy and £ be two real independent random variables whose
PDFs are p1(z1) and p2(22), respectively, with z; € R and
7z, € R*. Then, the joint PDF is p(z1, z2) = p1(z1)p2(22).

Let Z = Z 227 so that z = z zg, then, carrying out the variable
transformations zy = z/\Y and z, = ), it follows that
p(z,\)dzd\ = p1(z/\)p2(N) Jdz d)\, where J = 1/X\7 is the
Jacobian of the transformation.

Integrating in d), the PDF of Z emerges to be

pa) - [ To(2)pn 2. (40)
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Product of Random Variables

Hence by applying the changes of variable z = xt~7 and
A\ = 7t~9, integral formula (40) becomes

1% (25) = /OOO rpr (5) %2 () dr. @)

By setting

pr=G, p2=Kj5. (42)
v=1/2, Q=28/a, (43)

formula (41) turns out to be identical to (26), i.e.

p(xt)_/ G(xi ) K 3/%(r:t) dr

hence
p(xit) = K3 5(x:1). (44)
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Product of Random Variables

In terms of random variables it follows that

Z=XtP and Z=22)"% (45)

hence it holds

X=2Zt0"=Zt9° Z)/? = Gog)o(t) \[Najas-  (46)

Since the random variable Z; is Gaussian, i.e., p1 = G, the
stochastic process Gy (1) = Zi t8/ is a standard fBm with
Hurst exponent 5/a < 1.

The random variable A, 2 g = Z> emerges to be distributed

. _ a2
according to p» = Ka/m.
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H-sssi Processes

Following the same constructive approach adopted by Mura
(PhD 2008) to built up the generalized grey Brownian motion
(Mura, Pagnini J. Phys. A 2008), the following class of H-sssi
processes is established.

Let X, 5(t), t > 0, be an H-sssi defined as

Xop() 2\ /Najop Gogjalt), 0<B<1, 0<fB<a<2, (47)

where < denotes the equality of the finite-dimensional
distribution, the stochastic process Gos/,(t) is a standard fBm
with Hurst exponent H = 3/a < 1 and A, 2 g is an independent

non-negative random variable with PDF K;/Oé/g()\), A>0,

then the marginal PDF of X, 5(t) is K 2 s(xi ).
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H-sssi Processes

Tthe finite-dimensional distribution of X, g(t) is obtained from
(40) according to

(271')*%1

fa/g(X1,X2,...,Xn;’ya/g) = — X
’ ’ \/de'[’)/a,ﬁ

<A —a/2
/OWG()\Uz)Ka/ZB(A)d/\, (48)

where z, is the n-dimensional particle position vector
1/2

Z Xi ’Yoz,,é’ tl, tj ;

7] 1
and v, 5(t;, ;) is the covariance matrix

1 « 28/a ..
Yo (s 1) = 2(Fﬁ/ +t5/ — =2y, Qj=1,....n
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Stochastic Solution of Space-Time Fractional Diffusion
For the one-point case, i.e., n =1, formula (48) reduces to

A1 xt B/ —a/2
fap(xit) = /0 )\1/26( N/2 )Ka/z,ﬁ()\)d)\

= K2 4(xt=F/), (49)

or, after the change of variable \ = 7 t=28/

F im0 () 1 () or = ks () - 0

This means that the marginal PDF of the H-sssi process X, 5(t)
is indeed the solution of the symmetric space-time fractional
diffusion equation (1).
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Stochastic Process Generation

From (14) it follows that
K S/2(&:t) = / L"‘/ZgTM(Tt)dr 0<B<1, (51)
a/2ﬁ B = 0

and by using the self-similarity properties and the changes of
variable ¢ = 2%/*) and 7 = tPy it holds

—x —Q )\ d
K550 = /O Lo ()Mﬁ(y)yz{a, 0<p<1. (52)

y2/a
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Stochastic Process Generation

Integral (52) suggests to obtain A, > g again by means of the
product of two independent random variables, i.e.

Najos =N - N = £2% - M3, (53)
where Ay = £fj“2 and A, = Mg are distributed according to the

extremal stable density L;/az/ 2()\1) and Mz(\2), respectively, so
that A = Ay A2/,
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Stochastic Process Generation

Moreover, from (16) and setting t = 1, the random variable Mg
can be determined by an extremal stable random variable
according to

My = 12877 (54

so that the random variable A, g is computed by the product

Najos = L% - [L£5] —28/e (55)

Finally, the desired H-sssi processes are established as follows

Xas(t) = /L2 - [£8] " Gapyalt). (56)
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Numerical Generation (by P. Paradisi)

Computer generation of extremal stable random variables of
order 0 < i < 1 is obtained by using the method by Chambers,
Mallows and Stuck

et Sin[u(ry +m/2)] [cos[ry — u(ry + m/2)] (1—p)/n
[’,u,t_ (COSf1)1/U { —In I } ’ (57)

where ry and r» are random variables uniformly distributed in
(—m/2,7/2) and (0, 1), respectively.

Chambers, Mallows, Stuck J. Amer. Statist. Assoc. 1976
Weron Statist. Probab. Lett. 1996
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Numerical Generation (by P. Paradisi)

The Hosking direct method is applied for generating the fBm
Goy(t), 0 < H < 1. In particular, first the so-called fractional
Gaussian noise Yy is generated over the set of integer
numbers with autocorrelation function

1
(Yau(K) You(k + ) = 5 [In—1P" = |2 + [n+1127] . (58)

Finally, the fBm is then generated as a sum of stationary
increments, i.e. Yoy(n) = Goy(n+ 1) — Goy(n)

Gon(n+1) = Gon(n) + Yan(n). (59)

Hosking Water Resour. Res. 1984
Dieker PhD Thesis Univ. of Twente, The Netherlands, 2004
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Numerical Set-up (by P. Paradisi)

For a given set of parameter values (a,/3), 10* trajectories are
generated and the motion tracked for 103 time steps, which is
stated equal to 1 following formula (59).

Changing the time scale requires changing the time step, and
the associated trajectories can be simply derived without any
further numerical simulations by exploiting the self-similar

property.
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Simulations (by P. Paradisi)

o=1; p=0.25
Sample Paths PDF, t=1000
40 . YR . : . .
(o] 200 400 600 800 1000 0.05 0.1 0.15
a=1;p=1/3
Sample Paths PDF, t=1000
40 T W m: T %ﬁ* T T T
30 A 1 . i
i, R '
A,
0 200 400 600 800 1000 0.05 0.1
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Simulations (by P. Paradisi)

a=1;p=0.5
100 Sample Paths B PDF, t=1000
' .’"ﬂ'e,. ' T T T
i AL
B, WA
50 . Nsﬂ‘; o i " ﬂ.%‘"’;“w,\‘ ux,»\;&“ s ’ﬂ“wn,}n:

-100 : : : : : : : : :
0O 200 400 . 600 800 1000 0.01 0.02 0.03 0.04 0.05

a=1; p=0.9

Sample Paths
3000 : : :

2000
1000
X O
-1000
-2000

-3000 . . . . .
(0] 200 400 ; 600 800 1000 0.0002

PDF, t=1000

0.0004 0.0006
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Simulations (by P. Paradisi)

a=0.5 ; f=0.45
Sample Paths PDF, t=1000

400

-400 . . . . .
(0] 200 400 600 800 1000 0.001 0.003 0.005

Sample Paths : : PDF, t=1000

.30 . . . . . .
0 200 400 t 600 800 1000 0.02 0.06
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Simulations (by P. Paradisi)

a=2; =0.5

PDF, t=1000
20 .

15
10

X o M

-5
-10
-15

0 200 400 600 800 10000.02 0.06 0.1 0.12

a=2; p=1

Sample Paths PDF, t=1000

P O R

0 200 400 600 800 1000 0.005 0.01 0.015 0.02
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Simulations (by P. Paradisi)

PDF, t=1000, 0=0.5, f=0.45

0.001 —
Numerlqal
BIx| 12 e
0.0001 |\, —
1e-05 | VWA ]
1e-06 : : : :
0 2000 4000 6000 8000 y 10000

Power-law decay of PDF tail (large x) according to ~ 1/|x|*+!.
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