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I W - growth collapse process

Additive Increase Multiplicative Decrease (AIMD)

I Xn = W (Tn)
W (Tn−) ∈ [0, 1] - collapse ratios

I With Wn = W (Tn) and Yn = rTn:

Wn = (Wn−1 + Yn)Xn

I With N(t) = sup{n|Tn ≤ t}

W (t) = WN(t) + r(t − TN(t))
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Or, better yet, a more general problem:

I (X , J) - MAP.

I J - K-state irreducible CTMC.

I On intervals where J(t) = i , X behaves like a subordinator
with Lévy measure νi and a rate ci ≥ 0.

I At state change epochs of J from i to j 6= i , ∆X (t) ∼ Gij .

I W (t) = W (0) + X (t)−
∫ t
0 r(J(s)) ·W (s)ds (r(i) ≥ 0)
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Assumptions:

1. ci +

∫
(0,∞)

xνi (dx) <∞

2.

∫
[0,∞)

xGij(dx) <∞

3. J is irreducible

4. r(i) > 0 for some i .



Conference in Honour of Søren Asmussen

Assumptions:

1. ci +

∫
(0,∞)

xνi (dx) <∞

2.

∫
[0,∞)

xGij(dx) <∞

3. J is irreducible

4. r(i) > 0 for some i .



Conference in Honour of Søren Asmussen

Assumptions:

1. ci +

∫
(0,∞)

xνi (dx) <∞

2.

∫
[0,∞)

xGij(dx) <∞

3. J is irreducible

4. r(i) > 0 for some i .



Conference in Honour of Søren Asmussen

Assumptions:

1. ci +

∫
(0,∞)

xνi (dx) <∞

2.

∫
[0,∞)

xGij(dx) <∞

3. J is irreducible

4. r(i) > 0 for some i .



Conference in Honour of Søren Asmussen

Theorem
Under conditions 1− 4 a unique stationary distribution for the
joint (Markov) process (W , J) exists; and it is also the limiting
distribution, which is independent of initial conditions.
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From Asmussen&K(2000), the following is a zero mean martingale:∫ t

0
e−αW (s)1J(s)ds · F (α) + e−αW (0)1J(0) − e−αW (t)1J(t)

− α

∫ t

0
e−αW (s)1J(s)r(J(s))W (s)ds

where

I Fij(α) = Qij G̃ij(α)− ηi (α)δij
I Q-rate transition matrix of J

I G̃ij(α) =
∫
(0,∞) e−αxGij(dx)

I ηi (α) = αci +
∫
(0,∞)(1− e−αx)νi (dx)

I 1i = (0, . . . , 1
↑
i

, . . . , 0)
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Thus, if (W ∗, J∗) has the stationary distribution:

Ee−αW ∗1J∗F (α) = α
d
dα

Ee−αW ∗1J∗r(J∗)

so, with

I wi (α) = Ee−αW ∗1{J∗=i}
I w(α) = (wi (α))

I Dr = diag ((r(1), . . . , r(K )),

w(α)TF (α) = αw ′(α)TDr
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I πi = wi (0) is stationary for J (πTQ = 0 and sums to one)

I

n∑
k=0

(
n

k

)
w (k)(0)TF (n−k)(0) = nw (n)(0)TDr

I F (0)(0) = F (0) = Q:

I
∑n−1

k=0

(n
k

)
w (k)(0)TF (n−k)(0) = w (n)(0)T (nDr − Q)

I nDr − Q is invertible

I E (W ∗)n1{J∗=i} computable for all n ≥ 1.
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I r1 = . . . = rK = 1, r0 = 0

I ci = 0, νi = 0

I G̃ij = 1 for 1 ≤ i ≤ K , 0 ≤ j ≤ K

I G̃0j = G̃ for 1 ≤ j ≤ K

I If P[Pn > t] = βT e−St1 then

Q =

(
−1 β
−S1 S

)
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I

K∑
i=0

wi (α)qij = αw ′j (α) 1 ≤ j ≤ K

I −q0w0(α) + G (α)
K∑

i=1

wi (α)qi0 = 0

where q0 = −q00 = 1, thus for 1 ≤ j ≤ K

I

K∑
i=1

wi (α)

(
qij +

qi0q0j

q0
G (α)

)
= αw ′j (α)

I (I + β1TG (α))STw(α) = αw′(α)
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The stationary LST of the shot noise process is:

w(α) =

∑K
i=1 wi (α)

1− π0
=

1Tw(α)

1− π0

I q̃ij = qij +
qi0q0j

q0

I

K∑
j=1

q̃ij = 0

I

K∑
j=1

πi q̃ij = 0

I π̃i = πi
1−π0

is stationary for Q̃.
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One may check that with µn
i = E [(W ∗)n|J∗ = i ], µk =

∫
xkG (dx)

q0j

q0

n−1∑
k=0

(
n − 1

k

)
µk+1

k + 1

K∑
i=1

πiµ
w
n−1−k,iqi0 =

K∑
i=1

πiµ
w
n,i

(
δij −

q̃ij

n

)

I ã =
1

q0

K∑
i=1

K∑
j=1

q0i (I − Q̃)−1
ij qj0

I mw
n =

∑K
i=1 πiµ

w
n,iqi0



Conference in Honour of Søren Asmussen

One may check that with µn
i = E [(W ∗)n|J∗ = i ], µk =

∫
xkG (dx)

q0j

q0

n−1∑
k=0

(
n − 1

k

)
µk+1

k + 1

K∑
i=1

πiµ
w
n−1−k,iqi0 =

K∑
i=1

πiµ
w
n,i

(
δij −

q̃ij

n

)

I ã =
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I if µk <∞ for all k ,

I mw (α) =
∞∑

n=0

(−1)nmw
n

n!
αn = π0

1
1+ã

1− ã
1+ãG (α)

=

π0

∞∑
k=0

1

1 + ã

(
ã

1 + ã

)k

G̃ k(α)

Then if Yk ∼ G are i.i.d. and N ∼ Geom((1 + ã)−1), then

I E

(
N∑

k=1

Yk

)n

=
mw

n

π0
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ã

1 + ã

)k

G̃ k(α)

Then if Yk ∼ G are i.i.d. and N ∼ Geom((1 + ã)−1), then
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I ãj =
K∑

i=1

q0i

q0
(I − Q̃)−1

ij

I ã =
∑K

j=1 ãjqj0

I µw
n,j =

ãj

πj ã
mw

n

The unconditional moment:

I
1

1− π0

K∑
j=1

πjµ
w
n,j =

mw
n

(1− π0)ã

K∑
j=1

ãj
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j=1 ãjqj0

I µw
n,j =

ãj
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When K = 2, the solution is in terms of a hypergeometric function.
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From shot-noise to growth collapse:

I
∫∞
0 xfsn(x)dx = µ

EP

I

∫ ∞
0

e−αx fgc(x)dx =
EP

µ

∫ ∞
0

e−αxxfsn(x)dx =

−EP

µ

d
dα

∫ ∞
0

e−αx fsn(x)dx

I nth moment for growth collapse is EP
µ · (n + 1)st moment for

shot noise.
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¨̂ ...about two months from now ¨̂

HAPPY BIRTHDAY
DEAR SØREN


