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» W - growth collapse process
Additive Increase Multiplicative Decrease (AIMD)

> X, = W((T "y € [0, 1] - collapse ratios

» With W, = W(T,) and Y, = rT:

Wn — (Wn—l + Yn)Xn

» With N(t) = sup{n|T, < t}

W(t) = Wiy + r(t — Th)
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» J - K-state irreducible CTMC.
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Assumptions:

1. ¢ —|—/ xvi(dx) < 0o
(0,00)

N

/ xGjj(dx) < oo
[0,00)
3. Jis irreducible

. r(i) > 0 for some i.

o
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Theorem

Under conditions 1 — 4 a unique stationary distribution for the
Joint (Markov) process (W, J) exists; and it is also the limiting
distribution, which is independent of initial conditions.
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From Asmussen&K(2000), the following is a zero mean martingale:

t
/Oe_aW(S)IJ(S)ds-F(a) + e_O‘W(O)IJ(o)—e_aW(t)lJ(t)

t
~ /O e WL r(J(s))W(s)ds

where
Fij(a) = Q;Gj(a) — ni(a)d;

» (-rate transition matrix of J

v

> Gif(@) = fig,00) € Gi(d)
> ni(a) = ac + f(O,oo)(l — e “)r;(dx)
>1,=(0,...,1,...,0)

i
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Thus, if (W*, J*) has the stationary distribution:
Ee W 1,.F(a) = oL pemawy s r(J%)
da
so, with
> W;(a) = Ee_aW*l{J*:,'}
> w(a) = (wi(a)
» D, =diag ((r(1),..., r(K)),

w(a)TF(a) = aw'(a)T D,
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w;(0) is stationary for J (77 Q = 0 and sums to one)
( ) 0)"F"=9(0) = nw(”(0)" D,

(0) = F(0) =

o (w(0) TF(" (0) = w(n(0)7(nD; - Q)
nD, — Q is invertible

» E(W*)"1{ «—jy computable for all n > 1.
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n=...=rk=1,rn=0
¢=0v,=0
Gj=1for1<i<K 0<j<K
Cojzéforlgng

If P[P, > t] = 3T e >'1 then

_( -1 B
Q‘<—51 s)
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K
>ZW, Jgij =awi(a) 1<j<K
i=0

K
> —qowo(a (@) wi(a)gio =0
i=1
where go=—qgoo =1, thusfor1 << K

S o+ 0 <o

> (I +B817G(a))S "w(a) = aw/(a)
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The stationary LST of the shot noise process is:

W(Oé) _ ZIKZI Wi(a) _ ]‘Tw(a)
1 — 70 1 — 70

~ .. Gio9o
> G =qit T
K

>Zaij:0
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» ft; = {7 is stationary for Q.
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One may check that with 7 = E[(W*)"|J* = i], ux = [ x*G(dx)

n—1
doj n—1 Lkt1 ;
71_ < >k+1zﬁ’“n1k,qlo—27r,un,<u U)
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> if px < oo for all k,
o
(=1)"my 1+3

» m”(a) = g =Ty =

| _
o " -1

=1 3\
Gk
WOkZ:O].-i-é <1+5> ()
Then if Yx ~ G are i.i.d. and N ~ Geom((1 + 3)~!), then

w

N n
m
» E ZY"> = _1n
<k_1 7o
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When K = 2, the solution is in terms of a hypergeometric function.
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From shot-noise to growth collapse:
> [0 xfen(x)dx = 45
> e Yge(x)dx = — e~ P xfen(x)dx =
0 H
EP d [
- e~ Y fen(x)dx
p do Jo

» nth moment for growth collapse is % - (n+ 1)st moment for

shot noise.
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Z ...about two months from now =

HAPPY BIRTHDAY
DEAR SOREN



