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Main Result:

Qk:{VGRk cv; > 0, Z’Uizl}
At Qp — [1/k 1]

An(v) = max wv; v € Q2
O() 1<i<k 79 k

T heorem

vol(Ag) = /Qk Ao(v)dv

()

So, what ?



1. Multivariate Extremes
Let G(x) (x € R¥) be a d.f. with marginal d.f.'s G,
(1=1,2,...,k).

—log G(x)
>; — 109 G;(x;)
Pickands (1981): For multivariate extreme value
distributions,

B(x) =

B(x1,22,...,25) = A(vi,v2,...,0),

_ —log Gi(z;)
V; —
Z] — log G](CU])

=

v = (v1,v9,...,V;) € 2

and
(i) A is convex
(ii) A satisfies

Ao(V) = maxv; < Alv) <1, ve 2
A =1 & total independence

A= Ag & complete dependence



A famous example is the Logistic Model.

k 1 o
A(V):(Z’l}i/a) , 0<a<l1
1=1

a=1 = total independence

a=0 = complete dependence.

Here is Pickands dependence function for £k = 2 and
a =0, .25, .50, .75, 1.
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Coefficient of Dependence:
1 — A(v))dv
0 <, = Jol-Amay
Jo, (1 = Ap(v))dv




Coefficient of Dependence:
1 — A(v))dv
0 <, = Jal-Amay
Jo, (1 = Ap(v))dv

Numerator is case specific.
If we know vol(Ag) = [ Ag, half the job is done.




2. Uniform Spacings
Y1<Yo<--- <Y
are order statistics from i.i.d. U|[0, 1].
Vi=h, Vo=Yo—-Y1,--- ,\Vp=1-Y; 1
are the spacings.
(V1, Vo, -+, Vi) ~ U[€2].
Let V(i) = max{V;}, then

J@, maxvidv  vol(Ag)
Jo,dv  vol(S2)

. VO|(A0)
- VE/(k—1)!




NOTE:

Q={veRF:vy;>0 =F jv,=1}

Qp={veRi1l:

VO|(Qk) =

(k— 1)V

Q3 = AABC
vol = /3/2

STZ3 VO|:1/2

; > 0, Zk 1v2§1}

VO|(§_2k) =

(k—1)!

(2o vol = \/§

STZQ vol =1



Geometric Proof of Main Result

VOI(Ag) = /Qk Ag(v)dv

Vk 1 1 1
- (14+Z4+ 4 ... 4=

G (g tgtoty)

Fact 1.
Qk :UQO'
o

The union over all k! permutations o of {1,2,...,k},
where

Qo =1V EQ T o) S S 052) V(1) T

— vol(Ag) = k!/ Ao(v)dv = k!/ v1dv,

(& e

where o0 = e is the identity permutation:

Qe={veQ:0<yy < --<wvy<w}



Fact 2
/ vidv = VEk [_ vidv,
e Qe
where
Qe = {(v1,...,v_1) :

0<1 - jv;<vpog <+ <wvp <)

1

N /g_2 vidv = vol(P,),
where P, is a convex polytope,
P = {(’UO,’U]_, ne 77}/{—1) :

0<1-Flvy<vp_1<--<wvp<wvr, 0<vy <oy}



Lemma 1. The polytope P, has 2k vertices

a’, b, i=1,...,k, as follows:
(0 j=0 (1 j=0

a; = {1+ 1<j<i b =1 1<j<i (j<k).
0 i<j<k 0 i<j<k

Lemma 2. Fors=1,...,k, the polytope

NAs = conv{al,...,as,bs,...,bk}

)
is a k-dimensional simplex whose volume is

1
s(k!?

vol(Ag) =

Lemma 3. The k simplices Aq,...,A, form a
triangulation of Py.
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Combining the Facts and the Lemmas,

An(V)dv = k!/ dv = kIVol(P
Jg, Ao(v)av | vidy ()

k i 1
= k3 vol(An) =k Y s

s=—1 s=1

e ]

k!

This completes the geometric proof.
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Probabilistic Proof

X1,Xp, -+, X arei.i.d. exp(1)

T =) X,
Then,

X1 Xo Xk)

— — ..., — ] = Vi,Vo,..., V]

(T n n p (V1,5 i)
and the

‘N.

are independent of T'.

Now,
E(£> N cov(w,g) — 0
%% EW %%
Hence,
max X,;  Emax.X;
~ ET

_1+§+§+---+;<_ vol(Ag) )
~ k CVE/(k—1)1)
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THANK YOU FOR
YOUR AT TENTION
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