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Motivation and Applications |

e PCA

@ Image compression: low-dimensional approximation based on
SVD may be sufficient.

color grayscale 1 dimension 5 dimensions
600 x 465 x 3 600 x 465 = 484K T 5(600 + 465 + 1) = 5k
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@ Classical Random Matrix Theory (RMT)

@ Largest, smallest eigenvalue under various moment
assumptions

© Heavy-tailed entries: the iid case
©Q Heavy-tailed entries: with dependence

© Sample correlation matrices
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Stieltjes transform

For any sequence (A,,) of p x p matrices with only real eigenvalues
M(AR), ..., A\p(Ay,) the empirical spectral distribution is

1 p
Fa,(z) = ’ d Ipuan<ey,  z€ER, n>1
i=1

In random matrix theory a lot of attention has been given to the
problem of finding a distribution function F' such that Fa, — F
at all continuity points of F.

Yesterday: Steen Thorbjgrnsen’s talk: semicircle law

The Stieltjes transform of the empirical spectral distribution Fa is

1 1
= dF, = —tr(A —2I)7!
sale) = [ dFala) = 7 (A D),
where z = u +iv € CT, the complex numbers with positive
imaginary part. The convergence d(Fa,,F) — 0 is equivalent to
5pa, (2) = sp(2) for all z € C*.
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Setup & Objective

Data matrix: a p x n matrix X = X, consisting of n
observations of a p-dimensional time series, i.e.

X = (Xit)i=1,...pit=1,...n-

We are interested in the non-normalized p x p sample covariance
matrix X X' and its ordered eigenvalues

A ZA@) 2 2 A
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The Marcenko—Pastur Law

Let X have iid, real-valued, centered entries with variance 1.
Assume p/n — v € (0,1].

The empirical spectral distribution F'1 y 4 converges to a
deterministic distribution with densit; supported on [x_,z4],
where z_ = (1 —/7)? and ;. = (1 + /7)? given by

V@ =) —a)

2waxy

]l[x,,m+] (:U)

Direct implications from the Mar¢enko—Pastur law:

A A
limsup ~ 2 < (1—y7)?<(1+7)?< liminf 2.

n—o00 n n—oo N
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Limiting spectral distribution under heavy tails

Assumption: regular variation of iid entries, infinite second
moment.
Then (Fa;ijX’) converges weakly with probability one to a

deterministic probability measure whose density p satisfies

«
plta/2 2

P () m,

T — 00,

see [Belinschi et al., 2009, Theorem 1.10] and
[Ben Arous and Guionnet, 2008, Theorem 1.6].
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Extreme eigenvalues + light tails

Assume that X has iid centered entries with unit variance.

Finite fourth moment of X;;.

If limy, 00 p/n = 7 € (0,00), then

1
E)\(l) — (1 + \f’)’)Q a.s.

In particular, if X has iid standard normal entries
[Johnstone, 2001] showed that

13y
n2/3 ( (V) )4/3( 7(11) — (1 4 \/%)2) LA Tracy-Widom distr.,
1+~

which is a generic distribution in Random Matrix Theory.

Recently [Tikhomirov, 2015] proved n™ !X,y — (1 —/7)* if X
has unit variance.
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Four Moment Theorem, [Tao and Vu, 2010]

Sample Density function and Tracy-Widom

— sample
— Tracy-Widom

0.30
I

density
010 015 0.20 0.25
I I I I

0.05
I

Figure : Entry distribution: P(X = v/3) = P(X = —v/3) = 1/6,

P(X =0) =2/3. Note EX =0, E[X?] =1, E[X3] =0 and E[X*] =3,
i.e., the first 4 moments of X match those of the standard normal
distribution .
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Heavy tails, iid case

Infinite fourth moment of X;.

If X is an n x m matrix with iid entries, [Bai et al., 1988] showed
that

We need a stronger normalization than n.
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Infinite fourth moment, p — oo

@ Assume the iid entries X;; are regularly varying with index
a€(0,4),ie. P(|X|>z)=2"*L(x) as z — oo, and

P(X >z)=qz “L(z) and P(X < —z)= (1—q)z” “L(z)

for some ¢ € [0, 1].

o Normalizing sequence (a2,): (a,) such that
nP(|X11| > apz) > 27, asn — oo for z > 0.

Then a,, = (np)"*¢(np).

We have )
lim 2 = oo.
n—oo n

o Growth condition: p = n’L(n) — oo for 8 € [0,1].
Since X X’ and X’ X have the same non-zero eigenvalues it
is enough to consider § € [0, 1].
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Let .
Di=(XX")i=Y X}
t=1
and denote by D;) their order statistics.
We denote the order statistics of the random variables
Xﬁ,izl,...,p;tzl,...,n by

2

(Dp = > X

np = np),np*
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Main Result in the heavy-tailed iid case

Theorem

Consider a p x n-dimensional matrix X with iid regularly varying
entries with index a € (0,4). We assume E[X] =0 for oo > 2
Then the following statements hold:

@ If 5 € [0,1], then

Gy max A = Di| 0.

Q If € ((a/2—1)4,1], then

-2 2 P
Gnp X [Ai) = XGi) | = 0.
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Reduction to diagonal

Diagonal

Assume that X = X, has iid entries satisfying the regular
variation condition for some « € (0,4). If E[|X]] < oo we also
suppose that E[X] = 0. Then for any sequence (pj,) satisfying
pn = nPe(n) with 3 € [0, 1] we have

a;pQHXX’—diag(XX/)”QEO, n— oo,

where || - || denotes the spectral norm.

n
(XX)ij =Y XuXji.
t=1
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For any symmetric p x p matrices A, B, by Weyl's inequality

[y (A+ B) = Ay (A)] < [B]l2-

If we now choose A+ B = XX’ and A = diag(X X') we obtain
the following result:

-2 . ]P
App if%?fip |>\(i) - )\(i)(dlag(XX’))’ 50, n—oo.

Thus the problem of deriving limit theory for (A(;)) has been
reduced to limit theory for the order statistics of the eigenvalues of
diag(X X").
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o diag(X X").

@ Eigenvectors are canonical basisvectors e;.

Eigenvectors

Assume the conditions of the Theorem and let 8 € [0,1]. Then for
any fixed k£ > 1,

P
log —er lle, =0, n—o0.
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Pareto data
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Indices of components

Figure : Eigenvectors: In the case of Pareto tails,
max;—1,  ,|vi:] =1— 107 The values used in the simulations are
p =200, n = 1000, a = 0.8.
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Normal data
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Figure : Eigenvectors: Standard normal. The values used in the
simulations are p = 200, n = 1000.
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Main Result in the heavy-tailed iid case

Theorem

Consider a p x n-dimensional matrix X with iid regularly varying
entries with index o € (0,4). We assume E[X] =0 for a > 2
Then the following statements hold:

Q If g €]0,1], then

Oy 28% A = Dg| = 0.
Q If B e ((o/2 —1)4,1], then
R Ay = X(i),np‘ — 0.

For 5 =1 this result was proven in [Auffinger et al., 2009]. The
study of Hermitean matrices with power-law entries was started by
[Soshnikov, 2004, Soshnikov, 2006].
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[llustration

8 —_— aEE()\(l) - Dz(_i))
""" 2, (A ~Z(y)

Smoothed Histogram
150
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Figure : Smoothed histograms of the approximation errors for the
normalized eigenvalues (a;,>X(;)) for entries X;; with o = 1.6, § = 1,
n = 1000 and p = 200.
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Applications

Then
p p %]
Na=Yepn, S Yo =N
i=1 i=1

The limit is a PRM on (0, c0) with mean measure
p(z,00) = =2 2 >0, and

I'i=FE +---+ E;, (F;) iid standard exponential.
For fixed k > 1:
lim P(a, A\ < x) = lim P(N,(z,00) < k) =P(N(z,00) < k)

n—o0 n—
k—1 s
x, 00
= 7('U( " )) e @) g 5.
= s!
In particular,
A1) d
% — I o/2 , n — 0o,
a
np

where the limit has a Fréchet distribution with parameter «/2.
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Applications

@ Mapping theorem: For fixed k € N

— d _ a o o
a 2(/\(1)7-"7)\(1g))—>(1“12/ ,...,FkQ/ ) =Y,

np

Gy Ay = (P VR)E[X?], . Ay — (p V )E[X?]) 5 Y.

@ We also have
A A a _ o
G2 ) S (1) (R,

o Law of large numbers:

Mgl k — oo.
Ak) ’

J. Heiny Sample covariance matrices



Application: S&P 500 index

Upper tail index
35 4.0 45 5.0
| |

3.0

25

20 25 3.0 35 4.0 4.5 5.0

Lower tail index

Figure : Estimated tail indices of stock returns in the S&P 500 index.
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Application: S&P 500 index

10g(Age1)/A())

Figure : The logarithms of the ratios A(;;1)/A(;) for the S&P 500 series
after rank transform. We also show the 1, 50 and 99% quantiles
(bottom, middle, top lines, respectively) of the variables log((I"; /T'i11)?).
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Application: S&P 500 index, original data (no rank

transform)

B e L T AT L PCLLLL PR

/"\,/' -\' /' ..

log(Aga)/AG))

Figure : The ratios (A(;)/A(i41)) for the original (non-rank transformed)
S&P 500 log-return data.
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Heavy tails and dependence

Let (Zit) be a field of regularly varying random variables.

@ Stochastic volatility model:
Xit = Zi O'ng) .
@ Generate covariance structure A:
X = AY?7.

o Dependence among rows and columns:

Xie =3 MZiki

=0 k=0

with some constants hy;.
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In risk management an appropriate assessment
of the dependence structure of multivariate data
plays a crucial role for the trustworthiness of the
obtained results. The case of heavy-tailed compo-
nents is of particular interest.

We consider asymptotic properties of sample co-
variance matrices for such time series, where both
the dimension and the sample size tend to infinity
| simultaneously.

ap x nmatrix X consisting of n ob-
servations of a p-dimensional time series, .e.

= (Xit)i=1,....pit=1,....n
We are interested in the non-normalized x p sani-
ple covariance matrix X X' and its ordered eigenval-
ues

A=A 22 A

If the rows of X are independent and identically
distributed strictly stationary ergodic time series,
then for fixed p we have LX X' 2% I,
In particular, if X has iid Standard normal entries
Johnstone (2001) showed that for p.n — oo with
pin—7>0,

_W (N )
(1+ym)thn
a Tracy-Widom distribution.
Let us now assume that the entries of X are still
iid but with infinite fourth moment (heavy tails).

Since lim sup A /n = oo a.s.a much stronger nor-
\malization of X X" is required

The order statistics D(;) of the iid sequence
D, = Y, 7% and the ordered eigenvalues v,
of the matrix M given by M = Y5 hihye
play a key role in determining the asymptotic
properties of the ordered eigenvalues ;).

Theorem. If o < (0, 2), then

max_ A — 6l 50, n— oo,

where 8y, > - > &(,) are the ordered values of

the set { Dy i < pij > 1}

.

Suppose X = (X./); « with

”

,,7ZZm,z ket

=0 k=0

and regularly varying iid noise (Z,,) with index
a € (0.4) (infinite fourth moment), i.e. there ex-
ists a normalizing sequence (a,,) such that

nP(Z| > agx) = 2%, asn— oo fors >0,
and a tail balance condition holds. If Z is regu-
larly varying with index a, then moments above
the ath do not exist.

POINT PROC CONVERGENCE

Let () be iid standard exponential random vari-
ables and I'; = + E;. Then we have the
point process convergence

»

@

An application of 3) then yields for every fixed
integer

a(Aays i)

where d(y) > -+ > dy) are the k largest ordered
values of the set {T'; /“v; > 1}. In particular

D) % (dey

UNIVERSITY OF COPENHAGEN

MPLE

Figure 1: The densit

of the continuous part of ¥ de-
fined in (2) with @ = 1.5

Assume that o € (0,2) and

Xi=Zu+ Zigr = 2Zicrg ~ Zicrer)- (1)

The matrix M has rank 2 an
cigenvalues v, = 8 and «
process in (4) is

the non-negativ
"The Hmit:point

0 b ars e v ry e
Since I'y /s has a standard uniform distribution,
we can easily compute

Plrye

> 8T e (1/4,1)

The self-normalized spmml gap

Davis, Heiny, Mikosch, Xie (2016). Extreme
value analysis for the sample autocovariance ma-
trices of heavy-tailed multivariate time series.

e Extremes, to appear. 5, e
Moreover we impose a summability condition on [ | ¢ find o voaties and i Sample correlation matrices.
the double array of real numbers (/) and a very diyy = 0T 2% and dpgy = 0T % v 0T 20 2. Heiny, Mikosch. Eigenvalucs and eigenvectors Johannes Heiny
1 mrowth conditi S Vsl Y dgy =l an =wl7"Vul, of heavy-tailed sample covariance matrices with . N f— -
\enera growth condition on p = pn = %0 L G) |\ general growth rates: the iid case. Submitted. johannes.heiny@math.ku.

‘which has the same distribution as.
Y SN (ay @)

where U is standard uniformly distributed. ¥ has
an atom at 3/4 with point mass 2. The ratio of
the two largest eigenvalues is of speclal interest.
In the case of independent rows it was shown that
A)/Aqy — U/ in distribution. In our model,
however, the rows are dependent and the limit
takes the form

Pl + U sy

/4l <a

ap+ (1=

foranon-negative constant c. To confirm this imit
structure we simulate the ratio (A2 /A(1))*/

the model (1) for a = 15. The theoretical hmll
variable is

(1=Y)** = 035y cos) + Usoasy. ()
i
Figure 2: The histogram of (A2)/A())*/* based on

1000 replications from the model (1) with noise given
by a t-distribution with o = 1.5 degrees of freedom,
n'= 1000 and p = 200.

A histogram based on realizations of the true limit
ble (3) would look very similar.

* Autocovariance matrix.
« Eigenvectors.
« Other non-linear structures of X;;
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Autocovariance matrices

Autocovariance function and singular values.
Let

Xn(s) = (Xi,t+s)i:1,...,p,t:l,...,n7 n>1,

then X,, = X,,(0). The autocovariance matrices for lags s € Ny
are
X, (0)X ,(s).

Limit theory for singular values of such matrices.

J. Heiny Sample covariance matrices



Sample Correlation Matrices

Assumptions: (X;) iid, p/n — v € (0,1].
Define the p x p diagonal matrix F = (diag(X X'))~!.
Sample correlation matrix R:

R =F!/2X X'F!/?
and its ordered eigenvalues
By 20 2 L)

Note that the matrices F1/2X X'F!/2 and X X'F have the same
eigenvalues.

The results on sample covariance matrices can be used to draw
conclusions about the behavior of the eigenvalues of the sample
correlation matrix.
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Sample Correlation Matrices

By Weyl's inequality we have

max | —n ' Agl < | XX'F - n XX

7":17"'7p
<n” XX HnF—IHa (1)
=n" )\1 ,max ’ —1 .
W Lo Zt 1 X
If E[X%] < oo,
max —1 %0.
Lo Zt 1 X

This approach was used by [Jiang, 2004], and
[Xiao and Zhou, 2010].
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Sample Correlation Matrices under infinite fourth moment

|

Almost sure convergence of y1) for symmetric X

If the iid entries X;; satisfy a moment condition which is

"essentially”
4

X
nlE [J] — 0,
Dy
then F'p converges to the Mar¢enko—Pastur law and

Tim iy = (14 y7)%, 2)
If i
<[54 #0

the empirical spectral distribution F'r does not converge to the
Maréenko—Pastur law.
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