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Abstract. We discuss various properties of a homogeneous random multifractal process, which are related
to the issue of scale correlations. By design, the process has no built-in scale correlations. However, when it
comes to observables like breakdown coefficients, which are based on a coarse-graining of the multifractal
field, scale correlations do appear. In the log-normal limit of the model process, the conditional distributions
and moments of breakdown coefficients reproduce the observations made in fully developed small-scale
turbulence. These findings help to understand several puzzling empirical details, which have been extracted
from turbulent data already some time ago.

PACS. 47.27.eb Statistical theories and models – 47.27.Gs Isotropic turbulence; homogeneous turbulence
– 47.53.+n Fractals in fluid dynamics – 02.50.Ey Stochastic processes – 02.50.Ga Markov processes

1 Introduction

In the context of fully developed turbulence deviations
from the pioneering K41 scaling prediction [1] are well
described with the multifractal formalism and have lead
to the empirical modeling of the turbulent energy cas-
cade with random multiplicative cascade processes [2–6].
By design, the random multiplicative transfer of energy
flux from the integral down to the dissipation scale comes
with no scale correlations. However, this model property
has not been confirmed in a first data inspection based
on breakdown coefficients of the energy dissipation [7,8].
Another, Markovian-based approach [9,10] supports this
finding, that the turbulent energy cascade appears to come
with inherent scale correlations. It is exactly this conflict
which motivates us to look closer into the nature of scale
correlations of random multifractal processes in general
and of the turbulent energy cascade in particular.

Previous work in this direction has focused on binary
discrete random multiplicative cascade processes. Their
non-conservative variants were able to explain the ob-
served scale-independent unconditional distributions of
breakdown coefficients [7,8] as fixed points resulting from
small-scale resummation [11,12], which are also different
from the employed cascade generator. Furthermore, by
adopting an experimentalist’s view, who is not aware of
the underlying tree-like hierarchy of the cascade process
and who then homogeneously samples observables, the
correlations observed in the conditional distributions of
breakdown coefficients [7,8] had been reproduced, espe-
cially when the cascade generator is chosen to be posi-
tively skewed [13]. With the same overall approach, also
the observed scale-dependence of Kramers-Moyal coeffi-

cients, representing the Markovian description of the tur-
bulent energy cascade [9,10], had been reproduced quali-
tatively [14].

So far the qualitative success to explain the observed
scale correlations out of non-scale-correlated models is tied
to binary discrete random multiplicative cascade processes.
Of course, this is subject to some criticism. First of all,
the turbulent energy cascade is neither binary nor dis-
crete. Second, although plausible from a physics perspec-
tive, the employed small-scale resummation as well as the
experimentalist’s homogeneous sampling appear to be op-
erationally rather ad hoc. In this respect it would be nice
to consider more general and more elegant stochastic mul-
tifractal processes, which are not in need of ad hoc opera-
tions, and which hopefully not only confirm the previous
findings, but also put them on more firm ground and al-
low to resolve some more of the empirically observed and
quantified puzzling details.

This is exactly what we are going to demonstrate. Var-
ious elegant stochastic multifractal processes have been
proposed in Refs. [15–20]. They are closely related to each
other, but have originated from different backgrounds like
turbulence, finance and Internet data-traffic engineering.
They are all continuous and homogeneous. The random
multifractal log-stable process of Ref. [20] will be briefly
presented in Sect. 2. It does not have built-in scale correla-
tions, but, as we will see in Sects. 3 and 4, when it comes
to the analysis of breakdown coefficients and Kramers-
Moyal coefficients the scale correlations do appear again.
The precision reached within these simulations allows for
several further quantitative statements: (i) the obtained
distributions of breakdown coefficients allow no room for
log-stable statistics of the energy dissipation, except when
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close to the log-normal limit; (ii) extracted moments of
breakdown coefficients reproduce the puzzling systemat-
ics on apparent scaling exponents, observed and discussed
in Refs. [8,21]; (iii) the two differing outcomes of the ex-
tracted Kramers-Moyal coefficients [9,10] are reproduced
and trace back to different operational definitions; (iv) the
intermittency exponent can be extracted with reasonable
precision from the first Kramers-Moyal coefficient. A con-
clusion and outlook will be given in Sect. 5.

2 Modeling of a continuous and

homogeneous random multifractal process

In Ref. [20], see Refs. [15–19] for related approaches, a
positive-valued multifractal field ε(x, t) on continuous 1+1
space-time has been designed as the stochastic integral

ε(x, t) = exp

{

∫ t

t−T

dt′
∫ x+g(t−t′)

x−g(t−t′)

dx′γ(x′, t′)

}

. (1)

γ(x, t) ∼ Sα((dxdt)α−1
−1σ,−1, σα/ cos(πα/2)) is assumed

to be a Lévy-stable white-noise field [22] with property
〈exp{γ}〉 = 1. The causality cone

g(t − t′) = (2)

=
L

2
min

{

(

1 +
(L − η)

η

(T − ∆T − (t − t′))

(T − ∆T )

)

−1

, 1

}

has the properties g(T − ∆T ) = g(T ) = L/2 and g(0) =
η/2, with L ≫ η representing the integral and dissipation
length, and T ≫ ∆T the integral time and a convenient
cutoff; consult Fig. 1 and see Ref. [20] for more details.

The explicit shape (2) allows to express the field (1)
at spatio-temporal position x, t as a product

ε(x, t) ∼
J

∏

j=1

qj (3)

of independently and identically distributed (iid) random
weights

qj = q(x, t; lj) =

= exp

{

∫ t−tj

t−tj−1

dt′
∫ x+g(t−t′)

x−g(t−t′)

dx′ γ(x′, t′)

}

. (4)

The latter are associated to the hierarchy of scales lj =
L/λj = 2g(T −tj) confined by η = lJ and L = l0. In Fig. 1
they are illustrated as hatched stripes. Since these stripes
are non-overlapping and have identical spatio-temporal
size, and since γ(x, t) is a homogeneous Lévy-stable white-
noise field, the multiplicative random weights qj are iid
and are not correlated to each other. This reflects the spirit
of random multiplicative cascade processes and demon-
strates that no scale correlations are build into the ansatz
(1).

Furthermore, with the setting ∆T/T = η/L Eqs. (1)
and (2) directly lead to perfect scaling of the equal-time
two-point correlation densities

〈εn1(x1, t)ε
n2(x2, t)〉

〈εn1(x1, t)〉〈εn2(x2, t)〉
=

(

L

|x2 − x1|

)τn1+n2
−τn1

−τn2

(5)

for two-point distances η ≤ |x2 − x1| ≤ L. For larger dis-
tances the correlations are equal to one. The multifractal
scaling exponents are given by τn = τ2(n

α−n)/(2α−2)
with τ2 = (σα/ cos πα

2 )(2−2α)ηT . See again Ref. [20] for
more details.

Besides L, T and η, the only other independent param-
eters of the stochastic process (1) are the Lévy-stable in-
dex 0≤α≤2 and σ. In Sect. 3 we will discuss various combi-
nations of the latter, which turn out to be relevant for the
breakdown coefficients observed in fully developed turbu-
lence. – In [20] the parameters α and σ have been fixed by
the observed scaling exponents τ2 and τ3 extracted from
the lowest-order two-point correlation densities. With no
room left for further adjustments the predicted three-point
correlation densities have been shown to be in excellent
agreement with their counterparts from turbulent energy-
dissipation data.

All further results to be presented in the following have
been obtained from simulations based on a straightfor-
ward implementation of Eq. (1). Only equal-time traces
ε(x) = ε(x, t)|t=const have been produced. The numerical
resolutions have been set to ∆x = ∆t = η/6 for the noise
field γ(x, t) and ∆x = η for the equal-time trace ε(x),
respectively. Fig. 2 shows a fraction of a simulated equal-
time trace; the intermittent behavior clearly resembles the
fluctuations observed for the energy dissipation of real
fully developed turbulent flows. Observables like two-point
correlation densities, breakdown coefficients and Kramers-
Moyal coefficients have been sampled from one simulated
equal-time trace of length Ltrace = 107η = 2 × 104L. Of
course, different time traces have been produced for differ-
ent parameter values α and σ. The other remaining model
parameters L/η = 500 and T = L have been kept fixed
and represent a typical inertial-range length of fully de-
veloped turbulent flows relevant to the observations made
for the breakdown and Kramers-Moyal coefficients [7–10,
23,24]. The employed numerical resolutions ∆x,∆t and
the sampling cutoff Ltrace have produced sufficient con-
vergence for all considered observables. For example, Fig.
3 shows the such sampled lowest-order two-point correla-
tion density. It reproduces (5) with high quality. A rougher
resolution for the noise field γ(x, t) results in a noticable
deviation.

3 Apparent scale-correlations I: breakdown

coefficients

The breakdown coefficients

b(x; l, λ, ∆) =
εl/λ(x + l∆(λ − 1)/λ)

εl(x)
(6)
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are defined as the ratio of coarse-grained field amplitudes

εl(x) =
1

l

∫ x+l/2

x−l/2

ε(x′)dx′ (7)

at scales l/λ and l, separated by the scale parameter λ > 1.
The parameter ∆ describes the relative position between
parent and offspring interval. ∆ = 0 corresponds to the
centered case and ∆ = ±1/2 to right- and left-alignment,
respectively; see the insets of Figs. 4 and 5 for an illus-
tration. For turbulent cascades at high Reynolds num-
bers, scale-independence of unconditional distributions of
breakdown coefficients has been observed in the upper
part of the inertial range [7,8,23,24] and has been thought
to describe the cascade generator [24–27], thus allowing for
an alternative approach to analyze multifractality. How-
ever, by construction the breakdown coefficients (6) are
different from the log-stable random multiplicative weights
q(l) of (4). This is further emphasized in Fig. 4a, which il-
lustrates the unconditional distribution of left/right-sided
λ = 2 breakdown coefficients sampled from simulated
model traces. Within the upper cascade regime 20η ≤ l ≤
L these distributions are found to be independent of the
scale l; for smaller and larger scales they are more narrow.
The shown distributions are not of log-stable type; see Fig.
4b and also Fig. 5b. They can be nicely parametrized with
a symmetric Beta-distribution p(b) ∼ bβ−1(2− b)β−1. For
the log-normal setting α = 2.0 and τ(2) = 0.24 of the
model parameters the found distribution nicely matches
the distribution reported in the analysis of a high-Reynolds
number atmospheric boundary layer [7].

Upon switching from unconditional to conditional dis-
tributions scale correlations do appear. When conditioned
onto a large (small) parent breakdown coefficient, the dis-
tribution with λ = 2, ∆ = ±1/2 of Fig. 5a(top left) re-
sults to be broader (more narrow) than its unconditional
counterpart. This outcome is in full agreement with the
experimental findings reported in [7]. Fig. 5a(top right)
shows the related centered distributions. In its uncon-
ditional form it is again well described with a symmet-
ric Beta distribution, but now with increased exponent
β = 4.9. For a large parent breakdown coefficient the dis-
tribution is broadened and shifted to the right, whereas it
is narrowed and shifted to the left once the parent is small.
These findings are in perfect agreement with the experi-
mental observations presented in [8]. This demonstrates
that the scale correlations reported in [7,8] can be fully
reproduced by the stochastic process (1), which by con-
struction has no built-in scale correlations. – But where
do the scale correlations come from? They trace back to
the coarse-graining (7) of the non-conservative multifrac-
tal field. This correlates the breakdown coefficient to its
parent.

So far only the log-normal limit α = 2 of (1) has been
discussed. With the same choice τ2 = 0.24 for the in-
termittency exponent, the second and third rows of Fig.
5 illustrate the distributions of λ = 2 breakdown coeffi-
cients for α = 1.7 and 1.4, respectively. With decreasing
α the differences between conditional and unconditional
∆ = ±1/2 distributions also decrease, leading to a disap-

pearance of the scale correlations at α ≈ 1.4. Note also
another detail for α < 2: all distributions increase again
as the breakdown coefficient approaches zero (two) from
above (below). This effect becomes stronger the smaller
α is chosen and is a fingerprint of the excess probabil-
ity p(q = 0+) > 0 occurring for log-stable distributions;
see also Fig. 5b. Also the distributions of centered break-
down coefficients reveal an interesting behavior with α.
Whereas for α = 2 the left-shifted conditional distribu-
tion has a larger maximum than the right-shifted one, the
two maxima become about equal for α = 1.7 and reverse
their order for α = 1.4. In comparison with the experi-
mental observations [7,8] these findings suggest that the
stability index α should be two, or at least very close to
two. Except for the log-normal limit, this leaves no room
for the log-stable modeling of the turbulent energy cas-
cade [28,29]. Put into a more general context, scale corre-
lations observed in conditional distributions of breakdown
coefficients allow for a sensitive parameter estimation of
universal multifractals [30]. – For the remainder of this
Article we adopt the log-normal limit α = 2, where the
Lévy-stable white-noise field of (1) corresponds to a non-
centered Gaussian white-noise field.

Up to now we have only investigated breakdown co-
efficients with a scale ratio of λ = 2, but there is no
reason to restrict the analysis to this scale ratio. Model
simulations reveal that as for λ = 2, the distributions of
breakdown coefficients for arbitrary 1 < λ < 2 turn out to
be scale-independent within the upper part 20η ≤ l ≤ L
of the cascade range. They can be well described with
asymmetric Beta distributions p(b) ∼ bβ1−1(λ − b)β2−1

supported on [0, λ]. Before addressing the issue of scale-
correlations within a new context in Sect. 4, we quantify
some λ-dependent properties of the unconditional break-
down coefficients.

Fig. 6 shows the second moment 〈b2(λ, ∆)〉 of the break-
down coefficients as a function of λ and ∆. They have been
calculated for a typical length scale within the observed
scale-independent regime 20η ≤ l ≤ L. If the breakdown
coefficients were identical to the random multiplicative
weights q(l; λ) of Eq. (4), then the modified form

τ̃2(λ, ∆) = ln〈b2(λ, ∆)〉/ ln λ (8)

should reproduce the multifractal exponent τ2, which has
served as input into the modeling (1). Evidently this is
not the case. The apparent exponent τ̃2 strongly depends
on ∆ and λ. In Ref. [8] the empirical expression

τ̃2(λ, ∆) = τ̃2(∆) + a(∆) ln lnλ (9)

has been found to describe the experimentally observed
λ-dependence with reasonable precision. As can be seen
in Fig. 6, this expression also fits well to our simulational
findings. Fitted parameters are τ̃2(∆ = 0) = 0.14, a(∆ =
0) = 0.034, and τ̃2(∆ = ±1/2) = 0.196, a(∆ = ±1/2) =
0.044. Neither for ∆ = 0 nor for ∆ = ±1/2 the corrected
exponent τ̃2(∆) is able to reproduce the true τ2 = 0.24.

These findings show two things: first, the experimen-
tally observed moment systematics (9) of breakdown coef-
ficients is again fully reproduced by the stochastic process
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(1), and, second, there is no need to argue which combi-
nation λ, ∆ is best for the moments of breakdown coef-
ficients to reproduce the correct scaling exponents. As to
the latter point, Ref. [21] has conjectured that the best
combination is λ = 2, ∆ = ±1/2. In fact, another quick
look at Fig. 6 reveals that this combination produces an
apparent intermittency exponent which comes closest to
the true one. Looking again at the construction (1)-(4)
of our stochastic process, much better suited observables
for the extraction of true multifractal exponents are the
two-point correlation densities (5). See also Refs. [31,32]
for related data analysis.

4 Apparent scale-correlations II:

Kramers-Moyal coefficients

We discuss more apparent scale correlations obtained from
the multifractal process (1)-(2). The moments

Dn(ln εl; l, λ, ∆) =
1

n! lnλ
〈(ln b(l, λ, ∆))n| ln εl〉 (10)

of logarithmic breakdown coefficients are conditioned on
the logarithmic coarse-grained field. For ∆ = 0 and a
typical length scale, the 1 < λ ≤ 2 dependence of the
first two moments is shown in Fig. 7. A good empirical
parametrization of the simulational results is given by

D1(ln εl; l, λ, ∆) =

= a10(l, ∆) + a11(l, λ, ∆) (ln εl − 〈ln εl〉) + · · · (11)

D2(ln εl; l, λ, ∆) =

= a20(l, λ, ∆) + a21(l, λ, ∆) (ln εl − 〈ln εl〉) + · · · .(12)

All linear D1 curves are found to intersect at ln εl = 〈ln εl〉,
which makes the coefficient a10 independent of λ. Already
for λ = 2 the slope a11 is positive and increases further,
the smaller λ becomes. This positive correlation between
logarithmic breakdown coefficient and logarithmic coarse-
grained field appears to converge for λ sufficiently close to
one. See also Fig. 8a, which illustrates the l dependence
of a11 for various λ. As for the second-order moment, the
slope coefficient a21 remains close to zero, being positive
(negative) above (below) λ ≈ 1.15. This makes D2 more
or less independent of ln εl, but not of λ. The coefficient
a20 declines rapidly as λ becomes smaller; see also Fig. 8b.

For comparison, we give the respective unconditional
moments of the log-normal random multiplicative weights
of Eq. (4):

〈ln q〉/ lnλ = −τ2/2 , (13)

〈ln2 q〉/2 lnλ = τ2/2 + (τ2
2 /8) lnλ . (14)

These relations follow straightforwardly from the multi-
fractal sum rules [32], which relate the cumulants of the
logarithmic random multiplicative weights to the multi-
fractal exponents. Except for a negligible 2 ≥ λ > 1 depen-
dence of (14), the two moments are constant. The differ-
ence between (13)-(14) and (11)-(12) demonstrates again

that the breakdown coefficients should not be mixed up
with the random multiplicative weights.

However, the comparison of (11) with (13) leaves us
with a surprising detail. Fig. 9 illustrates the l dependence
of the coefficient a10. The results for ∆ = 0 and ∆ = ±1/2
are almost identical and show only a very weak ln l depen-
dence. More or less the coefficient is constant and takes on
the value a10 ≈ −0.12, which coincides with (13). With-
out having a deeper explanation at hand, it appears that
a10 allows to extract the value of the intermittency expo-
nent with reasonable precision. – Due to (14), a similar
extraction might also be successful from (12). A glimpse
at Fig. 8b destroys this hope. The coefficient a20 strongly
depends on λ and weakly on l. To some degree it also de-
pends on ∆. Except for λ = 2, its value is always well
below τ2/2 = 0.12 of (14).

If the moments (10) converge in the limit λ→1, they
would become the Kramers-Moyal coefficients of the Marko-
vian description of the turbulent energy cascade [9,10].
Since any data-driven extraction faces difficulties with this
limit, two different operational definitions have been put
forward: Ref. [9] uses a relative, l independent trunca-
tion at λ1 = 1.04, whereas Ref. [10] employs an absolute,
but l dependent truncation at λ2 = l/(l − 4.4η). We have
adopted these two operational definitions with the small
modifications λ1 = 16/15 and λ2 = l/(l− 4η), adopted to
our numerical resolution of the multifractal process (1)-
(2). Fig. 10 illustrates the model-based outcome for the
drift coefficient γ(l) = a11(l, λ, ∆ = 0) and the diffusion
coefficient D(l) = a20(l, λ, ∆ = 0). The curves correspond-
ing to the λ1 limit are identical to the λ = 16/15 curves
of Fig. 8; see also Fig. 7, where the two bold curves cor-
respond to the two different limits. In the λ1 limit, the
diffusion coefficient is more or less constant, whereas the
drift coefficient increases to some extend with increasing
length scale. Although the model has not been fitted to
the low-temperature helium-jet data used in Ref. [9], the
order of magnitude of the found drift and diffusion coef-
ficient matches well the values γ = 0.21 and D = 0.03
stated in this reference. The λ2 limit results in an l de-
pendence for the drift as well as the diffusion coefficient,
which can be parametrized with γ(l) = 0.012(l/η)0.51

and D(l) = 0.32(l/η)−0.62. Also shown in Fig. 10 are
the expressions γ(l) = 0.32 − 0.05 ln(L/l) and D(l) =
0.01(L/l)0.4 of Ref. [10], which again have been extracted
from low-temperature helium-jet data. Whereas the func-
tional forms are identical for the diffusion coefficient, the
functional forms for the drift coefficient are a little differ-
ent. However, orders of magnitude and trends are close by.
– Overall, the model findings for both operational defini-
tions of the λ → 1 limit are in good qualitative agreement
with the experimental results stated in Refs. [9,10]. This
shows that there is no need to argue whether the one defi-
nition is more sensitive than the other [10]. Even more im-
portant, this demonstrates that the observed scale correla-
tions (γ 6= 0) and scale-dependence (γ = γ(l), D = D(l))
can not be interpreted as signatures for the turbulent
energy cascade to deviate from a scale-independent and
scale-uncorrelated multifractal process.
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5 Conclusion

We have demonstrated that a homogeneous random log-
normal multifractal process, which has no built-in scale
correlations, is able to produce apparent scale correla-
tions expressed by conditional distributions and moments
of breakdown coefficients. Given the quantitative agree-
ment reached between the model findings and the results
extracted from turbulent data, we are now even tempted
to claim that these apparent scale-correlations go hand
in hand with non-conservative random multifractal pro-
cesses. The former are a consequence of the latter and
have to be there! In this respect, it would be interesting
to check on scale correlations in other known multifractal
processes, like for example Internet traffic engineering [33]
and econophysics [34,35].

As to the energy cascade of fully developed small-scale
turbulence, our findings demonstrate that random multi-
fractal processes appear to contain more truth than pre-
viously anticipated. In this context it will be interesting
to extend our discussions beyond synthetic energy dissi-
pation fields. Synthetic turbulent velocity fields are well
modelled by multiaffine processes [36–41] with no built-in
scale correlations. Such processes might as well describe
velocity-based scale correlations of the form reported in
Ref. [42].
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η

q4

q3

q2

T

t

L
x

ε (x,t)

∆T

x−g(t−t’) x+g(t−t’)

Fig. 1. Causality cone g(t − t′) defined by Eq. (2), which en-
ters into the construction (1) of the multifractal field ε(x, t).
The length and time scales η ≪ L and ∆T ≪ T determine
the multifractal scaling range. Also marked is the hierarchy
of length scales lj = L/λj confined by η = lJ and L = l0;
for illustration J = 5 has been chosen. The hatched stripes
represent the associated random weights qj of Eq. (4). Since
the stripes are of equal size and do not overlap, the random
weights are iid and not correlated. This leaves the multifractal
process (1) without scale correlations. The honeycombed stripe
with length L and width ∆T = (η/L)T at the bottom of the
causality cone is independent from, but not iid to the random
multiplicative weights qj ; it is introduced to produce perfect
multifractal scaling of the two-point correlation densities (5).
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Fig. 2. Simulated equal-time trace of the multifractal field
(1). Parameters are L/η = 500, α = 2 and τ2 = 0.24. Only a
representative fraction of the trace is shown.
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Fig. 3. Dependence of the sampled lowest-order equal-time
two-point correlation density on the numerical resolutions em-
ployed for the simulated multifractal field (1). The numerical
resolutions are ∆x = ∆t = η/6 (dashed curve), η/2 (dotted
curve) for the Lévy-stable white-noise field γ(x, t) and ∆x = η
(dashed as well as dotted curve) for the equal-time trace ε(x).
For comparison the exact theoretical result (5) is also shown
(solid curve). Used model parameters are L/η = 500, α = 2
and τ2 = 0.24.
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Fig. 4. (a) Unconditional distributions of breakdown coeffi-
cients b(λ,∆) with λ = 2, ∆ = ±1/2 (see inset) at scale
l = 32η within the scale-independent regime 20η < l < L.
They have been sampled from model traces with parameter
settings α = 2.0 and τ (2) = 0.18 (solid), 0.24 (dashed), 0.30
(dash-dotted). For comparison a symmetric Beta distribution
p(b) ∼ bβ−1(2 − b)β−1 with β = 3.2 is also shown (thin solid),
which has been reported in the analysis of a high-Reynolds
number turbulent flow [7]. (b) For comparison, respective log-
normal distributions p(q) for the random λ=2 multiplicative
weights of Eq. (4) are also shown. They are not identical to
the distributions of breakdown coefficients.
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Fig. 5. (a) Unconditional and conditional distributions of
breakdown coefficients for λ = 2, ∆ = ±1/2 (first column),
0 (second column), at the typical scale l = 32η. From top to
bottom row the stable index has been set to α = 2, 1.7, 1.4.
The intermittency exponent has been fixed to τ2 = 0.24. (b)
For comparison, respective log-stable distributions p(q) for the
random λ = 2 multiplicative weights of Eq. (4) are shown in
the third column.
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Fig. 6. Apparent intermittency exponent τ̃2 =
ln〈b2(λ, ∆)〉/ lnλ as a function of the scale ratio λ for
∆ = ±0.5 (triangle) and 0.0 (bullet). The second moment of
the breakdown coefficients has been calculated for a typical
length scale within the scale-independent regime. The solid
curves represent a fit according to the suggestion (9) of Ref.
[8]. For comparison, the dashed line shows the true τ2 = 0.24,
which together with α = 2.0 has served as model input.
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Fig. 7. Conditional first- (top) and second-order (bottom)
moments Dn(ln εl; l, λ, ∆) of breakdown coefficients for λ =
2, 4/3, 8/7, 16/15 (bold), 32/31, 64/63 (bold) and 128/127
(curves with increasing slope for D1, and from top to bottom
for D2). Parameters are ∆ = 0 and, as a typical length scale,
l = 256η. The moments have been sampled from simulated
traces of the multifractal process (1)-(2) with parameter set-
tings α = 2.0 and τ2 = 0.24. For comparison also the moments
(13) and (14) (with λ = 1) are shown as dashed lines.

10
1

10
2

10
3

0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

l/η

a 11
(l)

10
1

10
2

10
3

0

0.02

0.04

0.06

0.08

0.1

l/η

a 20
(l)

Fig. 8. Coefficients a11 (top) and a20 (bottom) of Eqs. (11) and
(12) as a function of l for λ = 2, 4/3, 8/7, 16/15, 32/31, 64/63,
128/127 (a11: from bottom to top, a20: from top to bottom) and
∆ = 0. They have been obtained from simulated traces of the
multifractal process (1)-(2) with parameter settings α = 2.0
and τ2 = 0.24.
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Fig. 9. The λ independent coefficient a10 of (11) as a function
of the length scale l for ∆ = 0 (circles) and 1/2 (diamonds).
It has been obtained from simulated traces of the multifractal
process (1)-(2) with parameter settings α = 2.0 and τ2 = 0.24.
For comparison the constant (13) is shown as the dashed line.
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Fig. 10. (a) Drift coefficient γ(l) = a11(l, λ, ∆ = 0) and
(b) diffusion coefficient D(l) = a20(l, λ, ∆ = 0) as a func-
tion of the length scale 16η ≤ l ≤ L. The two operational
definitions λ1 = 16/15 and λ2 = l/(l − 4η) are shown with
full and open circles, respectively. For the latter, the solid
curves represent the parameterizations γ(l) = 0.012(l/η)0.51

and D(l) = 0.32(l/η)−0.62 . The coefficients have been obtained
from simulated traces of the multifractal process (1)-(2) with
parameter settings α = 2.0 and τ2 = 0.24. For comparison, the
λ1 result (dashed) of Ref. [9] and the λ2 result (dotted) of [10]
are shown, which have been extracted from a low-temperature
helium-jet flow.


